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Abstract: We study the eigenmodes of the spin-2 Laplacian in orientable Euclidean manifolds
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matrices of Fourier-mode amplitudes and of spherical harmonic coefficients. We demonstrate
that non-trivial spatial topology alters the statistical properties of CMB tensor anisotropies,
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possible pair of temperature and E- and B-modes of polarization. This includes normally
forbidden TB and EB correlations. We compute the Kullback-Leibler (KL) divergence
between the pure tensor-induced CMB fluctuations in the usual infinite covering space and
those in each of the non-trivial manifolds under consideration, varying both the size of the
manifolds and the location of the observer. We find that the amount of information about
the topology of the Universe contained in tensor-induced anisotropies does not saturate as
fast as its scalar counterpart; indeed, the KL divergence continues to grow with the inclusion
of higher multipoles up to the largest ℓ we have computed. Our results suggest that CMB
polarization measurements from upcoming experiments can provide new avenues for detecting
signatures of cosmic topology, motivating a full analysis where scalar and tensor perturbations
are combined and noise is included.
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1 Introduction

The topology of the Universe has been a matter of scientific interest since before [1] the
discovery of general relativity [2], and there is a long history of efforts to determine that
topology observationally [3–20]. These efforts have mostly fallen into two distinct classes.
The first class comprises searches for objects that are visible in two or more directions on
the sky corresponding to multiple null geodesics connecting us to the past worldline of those
objects. This has been called “cosmic crystallography” [21, 22]. The second class searches
for evidence of topology in the fluctuations of the cosmic microwave background (CMB)
temperature and polarization [4, 8, 11, 15, 18, 19, 23–30].

By considering the temperature data from the Wilkinson Microwave Anisotropy Probe
(WMAP) and Planck CMB satellite missions, cosmologists have been able to place reason-
ably strong limits on the cosmic topology. In a topologically non-trivial universe, if any
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closed spatial loop through the observer is shorter than the diameter of the last-scattering
surface (LSS) of the CMB, the LSS self-intersects [3–6], resulting in a thin spherical annulus
centered on the observer being visible in two distinct directions on the sky. Checking for
this “circles-in-the-sky” signature in WMAP and Planck data, it has been possible to show
that the shortest closed loop through us is longer than 98.5% of the diameter of the LSS. A
complementary Bayesian method comparing the pixel-pixel correlations in the observed CMB
temperature map to those expected to be induced in manifolds with non-trivial topology
and to those expected in the covering space, found no evidence in Planck temperature data
for non-trivial topology [18, 19, 31] for the specific subset of possible topologies that were
considered. These methods were extended to include E-mode polarization in 2015 Planck
team search for topology, with similar results [19].

In vanilla Λ Cold Dark Matter (ΛCDM) cosmology, i.e., assuming that we live in the
covering space of one of the three Friedmann-Lemaître-Robertson-Walker (FLRW) geometries,
CMB polarization is sourced by both scalar and tensor fluctuations. A non-trivial topology
of the Universe does not change the differential structure of the fluctuation mode equations,
so most, though not all, of the conventional wisdom remains valid. Scalar curvature modes
source temperature and E-mode polarization fluctuations. The adiabatic vector modes in the
covering spaces of the FLRW geometries have no growing modes so are generally ignored.
Tensor modes source temperature and both E- and B-mode polarization fluctuations.

So far, all analyses of topology-induced effects have focused on primordial scalar (spin-0)
fluctuations. However, there is considerable activity searching for direct evidence of spin-2
(tensor-mode) fluctuations from the early Universe in B-mode CMB polarization — mostly as
a smoking gun for inflation. Both recent/current (BICEP [32] and Simons Observatory [33])
and future (TauRUS [34], CMB-S4 [35], and LiteBIRD [36]) CMB observational programs
have this as a primary science goal. Just as topology, by breaking statistical isotropy, changes
the properties of scalar eigenmodes, and thus the TT , TE, and EE CMB correlations that
scalar fluctuations induce, so too topology alters tensor eigenmodes, affecting all of TT ,
TE, EE, TB, EB, and BB correlations.

The COMPACT collaboration [24] is working to create a publicly available code and
comprehensive compendium of the scalar and tensor eigenmodes of topologically non-trivial
manifolds with the most general set of parameters describing them and the position and
orientation of an observer in them. In addition, we aim to provide correlation matrices
of both Fourier modes (of the underlying scalar and tensor fluctuations) and spherical
harmonic coefficients (aℓm) of T , E, and B. These will be presented under the conventional
assumption that the amplitudes of the eigenmodes are statistically independent Gaussian
random variables of zero mean.

Non-trivial topology has important effects on the set of eigenmodes of the Laplacian
operator, which are ultimately at the root of the potential detectability of non-trivial topology
even when the shortest closed loop through us is longer than the diameter of the LSS. The
eigenmodes of the Laplacian operator in topologically non-trivial manifolds (which form a
basis in which the fields defined on the manifold are expanded) can be written as linear
combinations of different covering-space eigenmodes with the same eigenvalue. Depending on
the number of compact dimensions of the manifold under consideration, the eigenspectrum
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may be fully or partially discretized, meaning that the parametrization of the eigenmode
basis will necessarily include one or more discrete parameters alongside any continuous ones.
See appendix A for a more detailed discussion.

In ref. [27], we presented the scalar eigenmodes of the 9 topologically non-trivial orientable
Euclidean manifolds: E1 (the 3-torus), E2 (known as the half-turn space), E3 (the quarter-turn
space), E4 (the third-turn space), E5 (the sixth-turn space), E6 (the Hantzsche-Wendt space),
E11 (the chimney space), E12 (the chimney space with half-turn), and E16 (the slab space,
including the previously neglected possibility of rotation), as well as the well-known results for
the covering space, E18. We also presented the correlation matrices for CMB temperature, and
used them to calculate the Kullback-Leibler (KL) divergences [37, 38] for CMB temperature
between the non-trivial manifolds and the covering space as a function of certain parameters
of the topology.1 This KL divergence quantifies the expected power to distinguish between
the two models for a typical observation (more technically, the relative entropy between the
probability distributions of the CMB under both models). In a future publication [39], we
will extend this to the auto-correlation matrices of CMB E-mode polarization, and to the
cross-correlations between T and E. As pointed out in a recent COMPACT paper [29], the
fact that topological boundary conditions “spontaneously” break isotropy means that the
correlation matrices of T and E are not diagonal and are far from sparse. In an upcoming
paper [40], we will extend the presentation of scalar eigenmodes and the resulting TT , TE,
and EE correlation matrices to the 8 non-orientable Euclidean manifolds: E7 (the Klein
space), E8 (the Klein space with a horizontal flip), E9 (the Klein space with a vertical flip),
E10 (the Klein space with a half-turn), E13 (the chimney space with a vertical flip), E14
(the chimney space with a horizontal flip), E15 (the chimney space with a half-turn and a
flip) and E17 (the slab space with a flip).

In this paper, we present the spin-2 eigenmodes for the 9 orientable Euclidean non-trivial
manifolds,2 as well as the consequent covering-space eigenmodes (i.e., polarized plane waves)
correlation matrices, and the resulting CMB XY harmonic coefficient correlation matrices

CXY
ℓmℓ′m′ ≡

〈
aX

ℓmaY ∗
ℓ′m′

〉
, (1.1)

where X, Y ∈ {T, E, B}, so that XY ∈ {TT, TE, TB, EE, EB, BB}. (We refer to these
below as TEB correlation matrices.) In upcoming papers, we will extend this to the non-
orientable Euclidean manifolds, and also treat the scalar and tensor eigenmodes (first for
orientable Euclidean manifolds [39]) jointly, so as to study the sensitivity to tensor modes
(i.e., to the tensor-to-scalar ratio r).

This paper extends the work in ref. [29], where it was demonstrated how the violation of
statistical isotropy by topological boundary conditions radically changed the nature of CMB
correlations. Statistical isotropy of the Universe, not just microphysical parity conservation,

1The equations in the paper and the software we will make available in the near future will allow these
correlation matrices and the KL divergences to be calculated for arbitrary topological parameter values, within
reasonable ranges, and for arbitrary values of the cosmological parameters, within reasonable ranges.

2In a future paper [41], we will extend the work of others [42, 43] on eigenmodes of S3 manifolds to full
generality. The task of extending this to H3 manifolds is daunting because there are infinitely many of them
and, unlike for S3, they are not classified. We will consider the anisotropic Thurston geometries and manifolds
with boundaries as time and interest dictate and permit.
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is responsible in standard covering-space ΛCDM for the sparseness of the CMB correlation
matrices, and in particular for the absence of correlations between B-mode polarization and
T or E. It was also pointed out that in addition to breaking statistical isotropy, the boundary
conditions of most of the Euclidean topologies (i.e., except E1, E11, unrotated E16, and E18)
break statistical homogeneity, by establishing special axes of rotation or planes of reflection
in the non-orientable cases. Thus, except at special locations of accidental symmetry (e.g.,
on the axes of rotation or the planes of reflection), parity is not a good symmetry for the
generic observer. Without statistical isotropy or parity, essentially all elements of the T ,
E, and B auto- and cross-correlation matrices of the CMB are non-zero. The effects of
tensor modes thus differ in an important way from those of scalar modes, which, even in
a topologically non-trivial manifold, induce no polarization B modes and thus lead to no
correlations between B and either T or E.

As a first step toward far more detailed exploration of the observable consequences of
tensor modes in topologically non-trivial spaces, we use the tensor-only TEB correlation
matrices to calculate the KL divergence between topologically non-trivial manifolds and
the covering space. We find that there is potentially more topological information than
previously thought in polarization. In particular, we find that even when the shortest distance
around the manifold through the observer is greater than the LSS diameter, KL divergences
of TEB correlations can continue to grow with the maximum spherical harmonic angular-
momentum multipole ℓmax as far as we track it due to computational constraints. This is
unlike the scalar TT correlations reported on in ref. [44], which saturated around ℓ ≃ 30.
It is also unlike what had been reported for scalar E-mode correlations in the past [45],
which was at least in part responsible for discouraging consideration of polarization in CMB
topology analysis. We find that the (pure tensor) KL divergence can continue to be large
for much larger manifolds than previous results had led us to expect. We speculate that
this is also an optimistic indication for the detectability of tensor modes in the presence of
topology, but acknowledge that both noise and the much-larger scalar signal may confound
this optimism.

The balance of the paper is structured as follows. In section 2, we present analytic
expressions for the spin-2 eigenmodes of E18, the universal covering space of Euclidean
geometry (known to cosmologists as E3 or R3), and of the 9 orientable topologically non-trivial
Euclidean manifolds: E1–E6, E11, E12, E16. In section 3 we also present analytic expressions
for the correlation matrices of covering-space tensor eigenmodes (plane gravitational waves),
and of the tensor T , E, and B signals in the CMB. In section 4, we present numerically
calculated correlation matrices of CMB T , E, and B, and study the KL divergence between
each Ei and the covering space for tensor-induced CMB fluctuations as a function of size
parameters of the Ei manifolds. Finally, in section 5 we draw our conclusions.

The GitHub repositories for COMPACT are publicly available at https://github.com/C
ompactCollaboration. Codes associated with this study will be deposited there as publicly
usable versions become available.

– 4 –

https://github.com/CompactCollaboration
https://github.com/CompactCollaboration


J
C
A
P
0
8
(
2
0
2
5
)
0
1
5

2 General considerations for tensor perturbations

It is often convenient to decompose metric and stress-energy perturbations around their
background values into scalar (spin-0), vector (spin-1), and tensor (spin-2) representations of
the proper rotation group SO(3). Because the FLRW cosmological metric is homogeneous
and isotropic, these scalar, vector, and tensor perturbations decouple and can be studied
independently of one another. The scalar perturbations play the most prominent role in
the observable Universe since they are the primary source for temperature and polarization
fluctuations of the CMB and for density fluctuations and other similar physical phenomena.
However, the tensor perturbations are of great interest as well. In inflationary ΛCDM, they
are the sole source of primordial B-type polarization of the CMB and are considered the
key signature of inflation — gravitational waves produced during the inflationary epoch.
Regardless of their origin, detecting tensor modes would offer an independent probe of
the early Universe.

2.1 Spin-2 Laplacian eigenmodes in the covering space E18

Plane waves eik·(x−x0), i.e., Fourier modes, are well known to be a complete basis of scalar
eigenmodes of the Laplacian in the Euclidean covering space, E18. In these modes x0
represents the position of an arbitrary origin relative to the observer’s coordinates3 and
k = (kx, ky, kz)T is the wavevector, with its magnitude k referred to as the wavenumber.
Tensor eigenmodes follow a similarly elegant structure:

ΥE18
ij,k(x, λ) = eij(k̂, λ) eik·(x−x0), (2.1)

where eij is a polarization tensor that is symmetric, traceless, and transverse (i.e., orthogonal
to k̂). There are two independent polarization states, which may be labeled by λ = ±2 for the
two possible helicity states. For details of our choice of conventions for polarization helicity
tensors eij(k̂, λ), see appendix B.1. These tensor eigenmodes satisfy the eigenvalue equation

∇2ΥE18
ij,k(x, λ) = −|k|2ΥE18

ij,k(x, λ), (2.2)

where the eigenvalue associated with ΥE18
ij,k(x, λ) is −|k|2 ≡ −k2, which is independent of

the helicity λ.
The adiabatic tensor perturbation field around the FLRW background at time t can be

fully characterized [46, 47] by the symmetric, traceless, and transverse tensor Dij(x, t), which
can be represented in terms of the helicity ±2 eigenmodes [48]. For E18,

DE18
ij (x, t) =

∑
λ=±2

∫ d3k

(2π)3 D(k, λ, t)ΥE18
ij,k(x, λ). (2.3)

Here D(k, λ, t) is the time-dependent amplitude for wavevector k and helicity λ corresponding
to the eigenmode ΥE18

ij,k(x, λ) in the covering space.
Translation invariance of the covering space ensures the statistical independence of modes

of different k, except for k and −k, which are conjugate due to the reality of the field.
3The inclusion of x0 is inconsequential in the covering space, for E1, E11, or E

(h)
16 . However, it plays a

crucial role in the analysis for E2–E6, E12, and E
(i)
16 .
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The correlation of D(k, λ, t) can be calculated at any time t. In particular, the primordial
(t = 0) correlation is

⟨D(k, λ, 0) D∗(k′, λ′, 0)⟩ = δ
(K)
λλ′

π2Pt(k)
2k3 (2π)3δ(D)(k − k′) , (2.4)

where Pt(k) represents the primordial power spectrum of tensor modes.
As we did for scalar fluctuations in ref. [27], we assume that the isometries of the geometry

are preserved by the microphysical processes responsible for generating fluctuations. The
Dirac delta function, δ(D)(k − k′), reflects the translational invariance of the E3 isometry
group, ensuring that different Fourier modes are uncorrelated. The term δ

(K)
λλ′ arises from

the orientability of E18, while the dependence of Pt(k) solely on the magnitude of k reflects
the rotational invariance of the Laplacian operator. Consequently, the primordial power
spectrum depends only on the eigenvalues of this operator, −k2. Parity invariance of the
Laplacian ensures that the power spectrum is independent of λ.

We will be interested in any tensor fields ϕX
ij that are linearly related to D(k, λ, t) by a

transfer function ∆X(k). The transfer function only depends on the magnitude of k again
because we assume that the microphysics that is responsible for the transfer function respects
all the symmetries of E3. The expectation value of any pair of ϕX

ij (k, λ) is4

CE18;XY
iji′j′,kk′,λλ′ ≡ ⟨ϕX

ij (k, λ)ϕY ∗
i′j′(k′, λ′)⟩

= (2π)3 π2

2k3 Pt(k)∆X(k)∆Y ∗(k)δ(D)(k − k′)δ(K)
λλ′ Eiji′j′(k̂, k̂′, λ) , (2.5)

where
Eiji′j′(k̂, k̂′, λ) ≡ eij(k̂, λ)e∗

i′j′(k̂′, λ) . (2.6)

In an orientable space like E18, correlations are diagonal in λ, and their values are independent
of λ. It is therefore more convenient to consider the helicity-summed correlations

CE18;XY
iji′j′,kk′ ≡

∑
λ,λ′=±2

⟨ϕX
ij (k, λ)ϕY ∗

i′j′(k′, λ′)⟩

= (2π)3 π2

2k3 Pt(k)∆X(k)∆Y ∗(k′)δ(D)(k − k′)Πij,i′j′(k̂) , (2.7)

where [48]

Πij,i′j′(k̂) ≡
∑

λ

eij(k̂, λ)e∗
i′j′(k̂, λ)

= δ
(K)
ii′ δ

(K)
jj′ + δ

(K)
ij′ δ

(K)
ji′ − δ

(K)
ij δ

(K)
i′j′ + δ

(K)
ij k̂i′ k̂j′ + δ

(K)
i′j′ k̂ik̂j

− δ
(K)
ii′ k̂j k̂j′ − δ

(K)
ij′ k̂j k̂i′ − δ

(K)
ji′ k̂ik̂j′ − δ

(K)
jj′ k̂ik̂i′ + k̂ik̂j k̂i′ k̂j′ .

(2.8)

Contemporary CMB observations include both the CMB intensity (characterized by the
equivalent blackbody temperature) and the CMB polarization as functions of position on

4The overall normalization of (2.5) follows the convention of the CAMB software package [49].
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the sky. The (net) polarization of the CMB is due to Thomson scattering of the locally
anisotropic photon distribution by free electrons. These electrons were present in sufficient
number densities to lead to observable polarization both during recombination and during
the later period of reionization triggered by ultraviolet light from the first generation of stars.
There is interest in the polarization signals from both epochs. The reionization signal can be
used to characterize the Universe’s reionization history, giving insight into early star formation
and other energetic processes in the post-recombination Universe. The recombination signal
is useful for better characterizing primordial scalar perturbations, but essential for detecting
and then characterizing any primordial tensor perturbations.

CMB fluctuations on the sky are characterized by the intensity Stokes parameter (I),
which is typically replaced by the temperature (T ), and by the polarization Stokes parameters
Q and U . The third polarization Stokes parameter V , which characterizes circular polarization
of the photon field, is not generated by Thomson scattering and is typically taken to vanish in
the absence of any microphysical source of circular polarization in the early Universe. In this
work we will adopt that assumption. The temperature and polarization Stokes parameters
are conventionally expanded in appropriate eigenmodes on the sky as

∆T (n̂) =
∞∑

ℓ=0

ℓ∑
m=−ℓ

aT
ℓmYℓm(n̂), (2.9)

Q(n̂) ± iU(n̂) = −
∑
ℓm

(
aE

ℓm ± iaB
ℓm

)
±2Yℓm(n̂) . (2.10)

Here Yℓm(n̂) and ±2Yℓm(n̂) are the scalar (spin-0) and tensor (spin-2) spin-weighted spherical
harmonics. More details about the ±2Yℓm(n̂) can be found in appendix B.2.

Locally the CMB polarization fluctuations are characterized by a scalar field on the sky,
the E-mode polarization, and a pseudo-scalar field on the sky, the B-mode polarization. Our
notation for the coefficients of ±2Yℓm(n̂) in (2.10) reflects that conventional decomposition.
E(n̂) and B(n̂) can be expressed in terms of ordinary (scalar) spherical harmonics as [50]

E(n̂) =
∞∑

ℓ=2

ℓ∑
m=−ℓ

√
(ℓ + 2)!
(ℓ − 2)!a

E
ℓmYℓm(n̂), (2.11)

B(n̂) =
∞∑

ℓ=2

ℓ∑
m=−ℓ

√
(ℓ + 2)!
(ℓ − 2)!a

B
ℓmYℓm(n̂). (2.12)

We emphasize the importance of the ℓ-dependent coefficients preceding aE
ℓm in (2.11) and aB

ℓm

in (2.12). With these coefficients [51], E(n̂) and B(n̂) are functions only of the measured
polarization-tensor field and its derivatives at n̂; without them, they would be non-local
functions of the polarization tensor.

Under space inversion, ∆T (−n̂) → ∆T (n̂), E(−n̂) → E(n̂), and B(−n̂) → −B(n̂).
In other words, T and E are scalar fields (parity-even), while B is a pseudo-scalar field
(parity-odd). Consequently, the multipole coefficients aX

ℓm, where X ∈ {T, E, B}, transform
under space inversion as aT

ℓm → (−1)ℓaT
ℓm, aE

ℓm → (−1)ℓaE
ℓm, and aB

ℓm → −(−1)ℓaB
ℓm.
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The tensor-fluctuation contributions to the CMB anisotropy multipole coefficients, at,X
ℓm ,

for X ∈ {T, E, B} can be expressed as

at,X
ℓm =

∑
λ=±2

∫ d3k

(2π)3 D(k, λ) ∆t,X
ℓ (k) ξt,E18;X,k̂

k,ℓm,λ , (2.13)

where D(k, λ) is the amplitude of primordial tensor perturbations for each helicity. ∆t,X
ℓ (k) is

the tensor transfer function, which we again assume depends only on ℓ and the magnitude of
k, reflecting the rotational symmetry of the local geometry. The ξt,Ei;X,k̂

k,ℓm,λ factors encapsulate
the effects on the multipole coefficients of both the projection of the three-dimensional
perturbation field onto the two-dimensional sphere of the sky and the correlations between
Fourier modes in each of the topologies. For E18 they are given by

ξt,E18;T,k̂
k,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂)e−ik·x0 , (2.14)

ξt,E18;E,k̂
k,ℓm,λ ≡ −iℓ

√
2π2 −λYℓm(k̂)e−ik·x0 , (2.15)

ξt,E18;B,k̂
k,ℓm,λ = −λ

2 ξt,E18;E,k̂
k,ℓm,λ . (2.16)

Throughout this discussion, we have used the superscript “t” to denote the tensor
component of the CMB anisotropies. Since our focus in this paper is on tensor perturbations,
henceforth, except on the power spectrum, we will omit the t superscript.

2.2 From covering space to non-trivial topologies

In our previous work [29], we investigated how statistical isotropy and homogeneity affect
spherical harmonic correlations of a random field on the sphere. Assuming a statistically
rotationally invariant field, all correlations vanish except for the diagonal elements in ℓ,
commonly referred to as CXY

ℓ . We also demonstrated that parity invariance alone does not
eliminate correlations between observables of different parity (e.g., EB and TB); rather,
it constrains them to only have ℓ + ℓ′ odd correlations. Only the combination of parity
invariance and statistical isotropy forces all correlations between observables of opposite
parity to vanish. On the other hand, statistical anisotropy often, but not always, accompanies
statistical inhomogeneity, which generically implies parity violation at specific locations.

As we discussed in ref. [27], briefly above, and in detail in appendix A, non-trivial
topological boundary conditions have several significant effects on the eigenmodes of the
Laplacian [52–54]. Specializing to the Euclidean case:

1. The boundary conditions discretize the components of allowed wavevectors k for the
Laplacian. For compact manifolds (E1–E10) all three components are discrete and
the allowed k form a discrete lattice; in other manifolds, for each non-compact spatial
dimension one component of k remains continuous. Notably, the discretization for the
tensor Laplacian is different from the discretization for the scalar Laplacian for some
topologies. The two helicities can even differ in their allowed wavevectors.
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2. For compact topologies, the eigenspectrum becomes discrete and there are only
a finite number of eigenmodes of each eigenvalue; consequently, the correlator
⟨ϕX

ij (k, λ)ϕY ∗
i′j′(k′, λ′)⟩ includes terms involving Pt(k)δ(K)

kk′ , where δ(K) represents a Kro-
necker delta rather than a Dirac delta. For the non-compact chimney and slab spaces,
which include a mix of finite and infinite directions, the eigenspectrum is continuous
and the correlator may exhibit a combination of Kronecker and Dirac delta terms.

3. Except for E1, E11, and E
(h)
16 , the eigenmodes are not simply single plane-wave eigen-

modes of the covering space. Instead, they are linear combinations of these modes,
involving different k vectors with the same magnitude. This mixing introduces addi-
tional terms in the correlator, coupling k to its rotations under the generators of the
topology. These couplings are expressed through a Kronecker or a Dirac delta function.

These effects encode violations of statistical isotropy and violate the direct connection
described earlier between the statistics of ϕX

ij (k, λ) and the multipole coefficients aX
ℓm. For

instance, instead of CE18;XY
iji′j′,kk′,λλ′being proportional to a Dirac delta function of k and k′, the

correlator vanishes for disallowed k values and, more generally, establishes correlations between
all pairs of allowed k. These correlations have equal magnitudes but location-dependent
phases, reflecting the constraints imposed by the topology.

Applying these arguments to the auto- and cross-correlations of the multipole coefficients
aX

ℓm, where X ∈ {T, E, B}, we can classify the patterns of non-zero elements in the covariance
matrices that arise due to the manifold with different topologies into three general categories:

1. If the topology of the manifold preserves the statistical isotropy, homogeneity, and
parity invariance inherent to the underlying microphysics:

CE18;XY
ℓmℓ′m′ ≡ ⟨aE18;X

ℓm aE18;Y ∗
ℓ′m′ ⟩ =

CXY
ℓ δ

(K)
ℓℓ′ δ

(K)
mm′ , for XY ∈ {TT, EE, BB, TE},

0, for XY ∈ {EB, TB}.

(2.17)

We include the E18 index because this can only arise in the context of the covering
space topology, while all the other, non-trivial topologies necessarily at least break
statistical isotropy.

2. If the topology of the manifold breaks statistical isotropy while preserving statistical
homogeneity and statistical parity invariance inherent to the underlying microphysics:

(a) For XY ∈ {TT, EE, BB, TE}:

CXY
ℓmℓ′m′ =

 ̸= 0, ℓ + ℓ′ even,

= 0, ℓ + ℓ′ odd.
(2.18)

(b) For XY ∈ {EB, TB}:

CXY
ℓmℓ′m′ =

 ̸= 0, ℓ + ℓ′ odd,

= 0, ℓ + ℓ′ even.
(2.19)
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3. If the topology of the manifold breaks statistical isotropy, statistical homogeneity, and
statistical parity invariance inherent to the underlying microphysics, the covariance
matrix CXY

ℓmℓ′m′ can have non-zero elements across all ℓ + ℓ′ blocks, encompassing both
even and odd cases, for all auto- and cross-correlations.

In the following section, we present the tensor eigenmodes and eigenspectra of orientable
Euclidean manifolds as functions of their topological parameters, for an observer located
at an arbitrary position. Assuming that the amplitudes of these eigenmodes are Gaussian
random variables with zero mean and a dimensionless power spectrum Pt(k), we present
the correlation for the Fourier-mode amplitudes, CEi;XY

iji′j′,kk′,λλ′ , and the spherical-harmonic
amplitudes, CEi;XY

ℓmℓ′m′ .

3 Eigenmodes of tensor Laplacian and correlation matrices

In each of the manifolds, the eigenmodes ΥEi
ij,k(x, λ) of the tensor Laplacian, like the eigen-

modes of the scalar Laplacian discussed in ref. [27], must be invariant under every possible
group transformation Gα ∈ ΓEi . Here ΓEi is the isometry subgroup that yields such manifold:
Ei

∼= E18/ΓEi . Therefore, with some abuse of notation, we must have:

Gα(ΥEi
ij,k(x, λ)) = ΥEi

ij,k(x, λ) . (3.1)

Formally, the solution is that ΥEi
ij,k(x, λ) is a simple linear combination of all covering-

space eigenmodes related by the group transformations:

ΥEi
ij,k(x, λ) ∝

∑
Gα∈ΓEi

Gα(ΥE18
ij,k(x, λ)) , (3.2)

with the additional caveat that only certain wavevectors k will be suitable. Again, this
is analogous to the situation for scalar eigenmodes discussed in ref. [27], and again, more
practically, we can limit the sum to a small, finite set of group elements Gα ∈ GEi . Taking
into account the transformation property (B.5) and normalizing accordingly, we have

ΥEi
ij,k(x, λ) = eiΦEi

k√
N(GEi)

∑
Gα∈GEi

(MGα)ikekℓ(k̂, λ)(MT
Gα

)ℓjeik·Gαx , (3.3)

where N(GEi) is the number of elements in GEi and ΦEi
k represents a constant phase that

will be chosen to simplify the reality condition of the field, which varies for each topology.5

GEi includes one group element for each of the O(3) matrices M(Gα) that appears when we
explicitly write the action of the group elements,

Gα : (x − x0) → M(Gα)(x − x0) + v(Gα) . (3.4)

For the manifolds under consideration, we can always select a much smaller set of group
elements

gEi
aj

: x → MEi
a (x − xEi

0 ) + T Ei
aj

+ xEi
0 , (3.5)

5Although this additional phase was not explicitly shown in ref. [27], it does not affect the resulting correla-
tions.
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to act as generators of the group — 3 for E1–E6, 2 for E11 and E12, 1 for E
(h)
16 and E

(i)
16 . Here

a labels the distinct O(3) matrices MEi
a in the choice of generators, while j labels the distinct

translations T Ei
aj

for each MEi
a . xEi

0 is the origin of the coordinate system. Each Gα can
be written as a finite product of gEi

aj
and their inverses.

Since we are considering only orientable manifolds in this paper, M(Gα) ∈ SO(3). These
M(Gα) are then just the matrices MEi

a that appear in the generators of every manifold, as
described in ref. [27], plus all non-identical SO(3) matrices that can be built from arbitrary
products of those MEi

a . In the subsequent section, we will describe the GEi for each Ei.
Our previous paper on scalar eigenmodes of orientable Euclidean manifolds [27] contains

a detailed discussion of the generators generally and for each manifold. We alert the reader
to the discussion in ref. [27] of the separation between “topology parameters” and “observer
parameters.” Because the topological boundary conditions violate isotropy, and, for all but
E1, E11, E

(h)
16 , and E18, homogeneity, observables depend on both the position and orientation

of the observer. When we present the generators of each topology below, we make specific
simplifying choices for the orientation of the coordinate system that reduces the number of
topology parameters — effectively by trading them for the Euler angles of the observer’s
orientation. However, we do not do the same for the choice of origin. In ref. [27], we described
how the freedom to choose the coordinate origin can be used to affect the representation of
the generators, changing the components of the T Ei

aj
that are in the plane of rotation of MEi

a .
We pointed to two convenient choices — placing the origin on the axis of all rotations or
placing the observer at the origin — but noted that the real observer (i.e., us) does not have
the freedom to change their location, unlike the freedom to rotate their coordinate system.
Therefore, as in ref. [27], here we explicitly retain the dependence on the origin. We direct
the reader to ref. [27] for further discussion of this point, as well as to the discussion — in
general and for each topology — of how to avoid over counting of topological parameters.

Equation (3.1) must still be satisfied for every group element Gα ∈ ΓEi . Among those
group elements are a subgroup of pure translations, which are all the integer linear combina-
tions of the T Ei

j . These are the translations of what we term the associated homogeneous
space (E1, E11, or E

(h)
16 ) of that manifold. Considering the invariance of ΥEi

ij,k(x, λ) under
the translation by T Ei

j , and recognizing that GEi always includes the identity matrix, we
learn that one must have

e(k̂, λ)e
ik·
[

(x−x0)+T
Ei
j

]
= e(k̂, λ)eik·(x−x0) (3.6)

or more compactly

k · T Ei
j = 2πnj , for nj ∈ Z. (3.7)

This is exactly the discretization condition that we get with an E1, E11, or E
(h)
16 . In other

words, the eigenmodes of the Laplacian on an Ei manifold are linear combinations of the
Fourier modes that are eigenmodes of the associated homogeneous space. For each Ei below,
we present those discretization conditions.

Equation (3.3) satisfies the invariance condition (3.1) for all k allowed by (3.7), however
in some cases the sum over Gα ∈ GEi yields more than one identical term. This occurs when
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M(Gα)k = k for certain k allowed by (3.7). More specifically, for the manifolds in question,
where M(Gα) are matrices MEi

a representing rotations by 2πpa/qa (pa ∈ Z̸=0, qa ∈ Z>0, |p| and
q relatively prime) about one of the three coordinate axes, this occurs when (MEi

a )Nak = k

has a solution for Na < qa. We will consider those cases explicitly for each Ei.
Finally, we note that it will prove useful for many of the topologies to define

MEi
00 ≡ 0, MEi

01 ≡ 1, and MEi
0j ≡

j−1∑
r=0

(MEi
B )r for j > 1. (3.8)

3.1 E1: 3-torus

Properties. Manifolds of this topology are compact, orientable, homogeneous, and
anisotropic. Further, all the compact topologies are roots of E1 (as described in detail
in ref. [27]).

Generators. The generators are given by

ME1 = 1, with

T E1
1 = L1

1
0
0

 , T E1
2 = L2

cos α

sin α,

0

 , T E1
3 = L3

cos β cos γ

cos β sin γ

sin β

 . (3.9)

We will always choose the lengths to be positive (here meaning 0 < Li) with the
orientation of the vector determined by the angles (here α, β, and γ). In section 3.1 of
ref. [27] we presented the set of conditions on the parameters of E1 (Li, α, β, and γ) that
avoids double-counting identical manifolds with different choices of generators.

Volume
VE1 = |(T E1

1 × T E1
2 ) · T E1

3 | = L1L2L3| sin α sin β|. (3.10)

3.1.1 Eigenmodes and correlation matrices of E1

The 3-torus is the simplest of the compact Euclidean topologies and will serve as a model
for determining the eigenspectrum and eigenmodes of all the Euclidean three-manifolds.
In this subsection, we determine which of the eigenvalues and eigenmodes of the tensor
Laplacian acting on the covering space E18 are preserved by the isometries of the topology.
We then use that information to present the Fourier space and spherical-harmonic space
correlation matrices of any fluctuations that are linearly related to independent Gaussian
random fluctuations of the amplitudes of those eigenmodes.

While, in general, the eigenmodes of Ei can be linear combinations of the E18 eigenmodes,
the E1 eigenmodes represent a subset of the E18 eigenmodes that adhere to the E1 symmetries.
The eigenmode equation (3.1) for E1 yields

e(k̂, λ)eik·
[
(x−x0)+T

E1
j

]
= e(k̂, λ)eik·(x−x0) (3.11)

and more compactly

k · T E1
j = 2πnj , for nj ∈ Z. (3.12)
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This is because all the group elements of ΓE1 are pure translations, i.e., M(Gα) = 1 for
all Gα ∈ GE1 , so M(Gα)k = k trivially.

As discussed above in general (cf. (3.7)), the symmetry condition (3.11) leads to the
discretization of the allowed k in E1. Since the wavenumbers are now discretized, they are
labeled by integers ni ∈ Z and we denote this explicitly by writing the wavevector as kn for
n = (n1, n2, n3). Here and below we will use either the ni or (kn)i labels as convenient for
the situation. Inverting these requirements, the components of the wavevectors are

(kn)x = 2πn1
L1

,

(kn)y = 2πn2
L2 sin α

− 2πn1
L1

cos α

sin α
, (3.13)

(kn)z = 2πn3
L3 sin β

− 2πn2
L2

cos β sin γ

sin α sin β
− 2πn1

L1

cos β(sin α cos γ − cos α sin γ)
sin α sin β

.

Clearly the eigenvalues −k2
n = −|kn|2 are a quadratic form in the nj . Thus

ΥE1
ij,kn

(x, λ) = eij(k̂n, λ)eikn·(x−x0), for n ∈ N E1 (3.14)

where
N E1 ≡ {(n1, n2, n3)|ni ∈ Z} \ (0, 0, 0) . (3.15)

The analogue to eq. (2.5), i.e., the helicity-dependent Fourier-mode-amplitude correlation
matrix for E1 is

CE1;XY
iji′j′,knkn′ ,λλ′ = VE1

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)δ(K)
knkn′ δ

(K)
λλ′ Eiji′j′(k̂n, k̂n′ , λ) . (3.16)

In transitioning from the covering space E18 we have replaced (2π)3δ(D)(k−k′) with VE1δ
(K)
knkn′ ,

where the volume factor VE1 is given by (3.10).
As for E18 above, we can project a field ϕX onto the sky by performing a radial integral

with a suitable transfer function, giving

aE1;X
ℓm = 1

VE1

∑
λ=±2

∑
n∈N E1

D(kn, λ, 0)ξE1;X,k̂n

kn,ℓm,λ ∆X
ℓ (kn) (3.17)

with

ξE1;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n)e−ikn·x0 , (3.18)

ξE1;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n)e−ikn·x0 , (3.19)

and

ξE1;B,k̂n

kn,ℓm,λ = −λ

2 ξE1;E,k̂n

kn,ℓm,λ . (3.20)

Because N E1 labels only a discrete set of kn, the integral over d3k in eq. (2.13) is replaced
by a sum over n ∈ N E1 .
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For the compact topologies Ei with i ∈ {1, . . . , 6}, the spherical-harmonic covariance
matrix has the general form6

CEi;XY
ℓmℓ′m′ ≡ ⟨aEi,X

ℓm aEi,Y ∗
ℓ′m′ ⟩

= π2

2VEi

∑
λ=±2

∑
n∈N Ei

Pt(kn)
k3

n

∆X
ℓ (kn)∆Y ∗

ℓ′ (kn) ξEi;X,k̂n

kn,ℓm,λ ξEi;Y,k̂n∗
kn,ℓ′m′,λ. (3.21)

3.2 E2: Half-turn space

Properties. This manifold is compact, orientable, inhomogeneous, and anisotropic.

Generators. In general the generators of E2 can be written as7

ME2
A = 1, ME2

B = Rẑ(π) = diag(−1, −1, 1), with

T E2
A1

= LA1

1
0
0

 , T E2
A2

= LA2

cos α

sin α

0

 , T E2
B = LB

cos β cos γ

cos β sin γ

sin β

 . (3.22)

In section 3.2 of ref. [27], we presented a set of conditions on the parameters of E2 (LAi , LB,
α, β, and γ) that avoids double-counting identical manifolds with different generator choices.

Associated E1. In addition to T E2
1 ≡ T E2

A1
and T E2

2 ≡ T E2
A2

, a third independent trans-
lation is

gE2
3 ≡ (gE2

B )2 : x → x + T E2
3 (3.23)

for

T E2
3 ≡

 0
0

2LBz

 = 2LB

 0
0

sin β

 . (3.24)

The three vectors T E2
1 , T E2

2 , and T E2
3 define the associated E1.

Volume

VE2 = 1
2 |(T E2

1 × T E2
2 ) · T E2

3 | = |L1xL2yLBz| = L1L2LB| sin α sin β|. (3.25)

3.2.1 Eigenmodes and correlation matrices of E2

The eigenspectrum and eigenmodes of the half-turn space can be derived using a method
similar to that of the 3-torus. While one could start from the covering space, a more efficient
approach is to recognize that E2 is essentially E1 with additional symmetries imposed.
Consequently, the eigenspectrum of E2 becomes discretized, with wavevectors denoted by kn,
and its eigenfunctions, ΥE2

ij,kn
(x, λ), are expressed as linear combinations of the eigenfunctions

6Note that, while in general ∆Y
ℓ (k) can be complex, for the usual cases of CMB temperature and polarization

∆Y
ℓ (k) is real; nevertheless, we retain the complex conjugate for generic Y .

7Here and throughout all rotations will be treated as active.
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ΥE1
ij,kn

(x, λ) from E1. In the case of E2, the discretization condition given in eq. (3.7), derived
from the translation vectors T E2

j , determines the components of the allowed wavevectors,

(kn)x = 2πn1
L1

,

(kn)y = 2πn2
L2 sin α

− 2πn1
L1

cos α

sin α
, (3.26)

(kn)z = 2πn3
2LB sin β

.

Unlike in E1, the eigenmodes of E2 can include a linear combination of two E1 eigenmodes.
For E2, the eigenmodes are determined by substituting its generators into eq. (3.3) and
identifying the minimum number of terms required to keep the eigenmodes invariant under
these generators. This process can be simplified using the transformation properties of
helicity tensors under a rotation:

(MEi
B )N e(k̂, λ)

[
(MEi

B )T
]N

= e
([

(MEi
B )T

]N
k̂, λ

)
, for k̂ ̸= ẑ. (3.27)

For the special case of k̂ = ẑ, the helicity tensors transform under rotation as

(ME2
B )ikekℓ(ẑ, λ)(ME2

B )jℓ = e−iλθEi eij(ẑ, λ), (3.28)

where θEi is the rotation angle about ẑ, associated with the generator MEi
B for each topology.

The eigenmodes for E2 are then obtained by finding the smallest N that satisfies
(MEi

B )N kn = kn depending on kn, where, N = 1 holds when (kn)x = (kn)y = 0, and
N = 2 otherwise. So, we have:

N = 1 eigenmodes: kn = (0, 0, (kn)z)T , i.e., n = (0, 0, n3), n3 ∈ 2Z̸=0, with

ΥE2
ij,(0,0,n3)(x, λ) = eij(k̂n, λ)eikn·(x−x0) = ei(kn)z(z−z0), (3.29)

N = 2 eigenmodes: ((kn)x, (kn)y) ̸= (0, 0), i.e., (n1, n2) ̸= (0, 0), and per eq. (3.3),

ΥE2
ij,n(x, λ) = e−ikn·T E2

B /2
√

2

(
eij(k̂, λ)eikn·(x−x0)

+ eij

(
(ME2

B )T k̂n, λ
)

eikn·(ME2
B (x−x0)+T

E2
B )
)

.

(3.30)

For the N = 2 modes, we choose ΦE2
kn

= −kn ·T E2
B /2 in eq. (3.3) — this will simplify the reality

condition of the field. Moreover, note that kT
nME2

B = (−(kn)x, −(kn)y, (kn)z), i.e., ME2
B

maps (n1, n2, n3) → (−n1, −n2, n3). As a result, summing over (n1, n2, n3) cannot include all
n1 ∈ Z and n2 ∈ Z simultaneously, as this would lead to double-counting eigenmodes. Hence,
we define two sets of allowed modes, one for N = 1 and another for N = 2:

N E2
1 = {(0, 0, n3)|n3 ∈ 2Z̸=0},

N E2
2 = {(n1, n2, n3)|n1 ∈ Z>0, n2 ∈ Z, n3 ∈ Z} ∪ {(0, n2, n3)|n2 ∈ Z>0, n3 ∈ Z},

N E2 = N E2
1 ∪ N E2

2 .

(3.31)
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With these, the Fourier-mode correlation matrix can now be expressed as

CE2;XY
iji′j′,knkn′ ,λλ′ = VE2

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)ei(kn′ −kn)·x0δ
(K)
λλ′

× Eiji′j′(k̂n, k̂n′ , λ)

 ∑
ñ∈N E2

1

δ
(K)
knkñ

δ
(K)
kn′ kñ

+ 1
2

∑
ñ∈N E2

2

1∑
a=0

1∑
b=0

eikñ·(T (a)−T (b))δ
(K)
kn([(ME2

B )T ]akñ)
δ

(K)
kn′ ([(ME2

B )T ]bkñ)

 ,

(3.32)

where VE2 is given in (3.25), T (0) ≡ 0, and T (1) ≡ T E2
B .8 Note that CE2;XY

iji′j′,knkn′ ,λλ′ = 0 for
|kn′ | ≠ |kn|, so Pt(kn), ∆X(kn), and ∆Y ∗(kn) are each a function only of kn.

Another consequence of the rotation in ME2
B appears when expressing the eigenmodes

in the harmonic basis. In this case, we combine modes that share the same eigenvalue −k2
n

and orientations k̂n and (ME2
B )T k̂n. Since one of the generators of the half-turn space (see

eq. (3.22)) includes a rotation by π around the z-axis, we can leverage the rotation properties
of spin-weighted spherical harmonics to simplify the resulting expressions. In particular

λYℓm((ME2
B )T k̂n) = eimπ

λYℓm(k̂n) = (−1)m
λYℓm. (3.33)

This gives for the eigenmodes in the harmonic basis

ξE2;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E2
1

ξE2;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n)

× e−ikn·T E2
B /2

(
e−ikn·x0 + (−1)me−ikn·

[
M

E2
B x0−T

E2
B

])
for n ∈ N E2

2

(3.34)

ξE2;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E2
1

ξE2;E,k̂n

kn,ℓm,λ ≡ − iℓ

√
2

√
2π2 −λYℓm(k̂n)

× e−ikn·T E2
B /2

(
e−ikn·x0 + (−1)me−ikn·

[
M

E2
B x0−T

E2
B

])
, for n ∈ N E2

2

(3.35)

and

ξE2;B,k̂n

kn,ℓm,λ = −λ

2 ξE2;E,k̂n

kn,ℓm,λ . (3.36)

8In eq. (3.32), kn and kn′ are wavevectors of the associated E1, as specified above in (3.26). CE2;XY
iji′j′,knkn′ ,λλ′

describes correlations between amplitudes of the plane gravitational waves that comprise the tensor eigenmodes
of a specific manifold — i.e., of a specific topology, with specific values of its parameters. It is this object that
would be used, for example, in creating realizations of initial conditions of the gravitational wave field in three
dimensions. If one was, instead, constructing a likelihood function to compare data with expectations from E2

manifolds, one would need to convolve CE2;XY
iji′j′,knkn′ ,λλ′ with a kernel characterizing the Fourier structure of

the survey of interest. However, there is not likely to be interest in 3-dimensional realizations of the tensor
field in the foreseeable future.
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In simplifying the previous expressions we have made use of eq. (B.10). Finally, the spherical-
harmonic space covariance matrix has the form (3.21).

3.3 E3: Quarter-turn space

Properties. This manifold is compact, orientable, inhomogeneous, and anisotropic.

Generators. In general the generators of E3 can be written as

ME3
A = 1, ME3

B = Rẑ(π/2) =

0 −1 0
1 0 0
0 0 1

 , with

T E3
A1

= LA

1
0
0

 , T E3
A2

= LA

0
1
0

 , T E3
B = LB

cos β cos γ

cos β sin γ

sin β

 . (3.37)

In section 3.3 of ref. [27], we presented a set of conditions on the parameters of E3 (LA, LB,
β, and γ) that avoids double-counting identical manifolds with different generator choices.

Associated E1. In addition to T E3
1 ≡ T E3

A1
and T E3

2 ≡ T E3
A2

, a third independent translation
follows from (ME3

B )4 = 1:

gE3
3 ≡ (gE3

B )4 : x → x + T E3
3 , (3.38)

for

T E3
3 ≡

 0
0

4LBz

 = 4LB

 0
0

sin β

 . (3.39)

Volume
VE3 = 1

4 |(T E3
1 × T E3

2 ) · T E3
3 | = L2

ALB| sin β|. (3.40)

3.3.1 Eigenmodes and correlation matrices of E3

The eigenspectrum and eigenmodes of the quarter-turn space can be derived similarly to
the case of E2. For E3, the discretization condition (3.7), which follows from the translation
vectors T E3

j , yields the components of the allowed wavevectors,

(kn)x = 2πn1
LA

, (kn)y = 2πn2
LA

, (kn)z = 2πn3
4LB sin β

. (3.41)

As in the case of E2, the eigenmodes of E3 include linear combinations of E1 eigenmodes,
as (ME3

B )N kn = kn admits multiple solutions for the minimum positive N , depending on
kn. Here we have:

N = 1 eigenmodes: kn = (0, 0, (kn)z)T , i.e., n = (0, 0, n3), n3 = 4m + 2, where m ∈ Z,
with

ΥE3
ij,(0,0,n3)(x, λ) = eij(k̂n, λ)eikn·(x−x0) , (3.42)
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N = 4 eigenmodes: ((kn)x, (kn)y) ̸= (0, 0), i.e., (n1, n2) ̸= (0, 0), with

ΥE3
ij,n(x, λ) = e−ikn·ME3

02 T
E3
B /2

√
4

3∑
a=0

eij

([
(ME3

B )T
]a

k̂n, λ
)

× eikn·
(

(ME3
B )a(x−x0)+ME3

0a T
E3
B

)
,

(3.43)

and ME3
0a defined in (3.8). For the N = 4 modes, we choose ΦE3

kn
= −kn · ME3

02 T E3
B /2 in (3.3),

this will simplify the reality condition of the field. The repeated action of ME3
B cyclically

maps (n1, n2) → (n2, −n1) → (−n1, −n2) → (−n2, n1). Consequently, as with E2, the cyclic
properties of ME3

B lead to overcounting of eigenmodes if all n1 ∈ Z and n2 ∈ Z are included.
To avoid this, we define two sets of allowed modes, now N = 1 and N = 4,

N E3
1 = {(0, 0, n3 = 4m + 2)|m ∈ Z},

N E3
4 = {(n1, n2, n3)|n1 ∈ Z≥0, n2 ∈ Z>0, n3 ∈ Z},

N E3 = N E3
1 ∪ N E3

4 .

(3.44)

We note that N E3
1 differs from the set of allowed wavenumbers in the scalar case. This

difference stems from the fact that not only does the complex exponential give an overall phase
when transformed by an element of the isometry group, but also the helicity tensor can give a
complex phase that needs to be taken care of by appropriate discretization of the wavevectors.
Using these, the helicity-dependent Fourier-mode correlation matrix can be written as

CE3;XY
iji′j′,knkn′ ,λλ′ = VE3

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)ei(kn′ −kn)·x0δ
(K)
λλ′

× Eiji′j′(k̂n, k̂n′ , λ)

 ∑
ñ∈N E3

1

δ
(K)
knkñ

δ
(K)
kn′ kñ

+ 1
4

∑
ñ∈N E3

4

3∑
a=0

3∑
b=0

eikñ·(T (a)−T (b))δ
(K)
kn([(ME3

B )T ]akñ)
δ

(K)
kn′ ([(ME3

B )T ]bkñ)

 ,

(3.45)

where VE3 is given in (3.40), T (0) ≡ 0, and T (a) ≡ ME3
0a T E3

B for a ∈ {1, 2, 3}.
Similarly to E2, we can apply the rotation properties of spin-weighted spherical harmonics

and utilize the fact that ME3
B represents a rotation by π/2 around the z-axis, which leads to

λYℓ−m

([
(ME3

B )T
]j

k̂n

)
= e−imjπ/2

λYℓ−m(k̂n) = (i)jm
λYℓ−m(k̂). (3.46)

This gives for the eigenmodes in the harmonic basis

ξE3;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E3
1

ξE3;T,k̂n

kn,ℓm,λ ≡ iℓ

√
4

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·ME3
02 T

E3
B /2

×
3∑

j=0
e−imjπ/2 e−ikn·

[
(ME3

B )jx0−ME3
0j T

E3
B

]
, for n ∈ N E3

4

(3.47)
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ξE3;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E3
1

ξE3;E,k̂n

kn,ℓm,λ ≡ − iℓ

√
4

√
2π2 −λYℓm(k̂n) e−ikn·ME3

02 T
E3
B /2

×
3∑

j=0
e−imjπ/2e−ikn·

[
(ME3

B )jx0−ME3
0j T

E3
B

]
, for n ∈ N E3

4

(3.48)

and

ξE3;B,k̂n

kn,ℓm,λ = −λ

2 ξE3;E,k̂n

kn,ℓm,λ . (3.49)

The spherical-harmonic space covariance matrix has the form (3.21).

3.4 E4: Third-turn space

Properties. This manifold is compact, orientable, inhomogeneous, and anisotropic.

Generators. In general the generators of E4 can be written as

ME4
A = 1, ME4

B = Rẑ(2π/3) =

−1/2 −
√

3/2 0√
3/2 −1/2 0
0 0 1

 , with

T E4
A1

= LA

1
0
0

 , T E4
A2

= LA

−1/2√
3/2
0

 , T E4
B = LB

cos β cos γ

cos β sin γ

sin β

 . (3.50)

In section 3.4 of ref. [27], we presented a set of conditions on the parameters of E4 (LA, LB,
β, and γ) that avoids double-counting identical manifolds with different generator choices.

Associated E1. In addition to T E4
1 ≡ T E4

A1
and T E4

2 ≡ T E4
A2

, a third independent translation
follows from (ME4

B )3 = 1:

gE4
3 ≡ (gE4

B )3 : x → x + T E4
3 , (3.51)

for

T E4
3 ≡

 0
0

3LBz

 = 3LB

 0
0

sin β

 . (3.52)

Volume
VE4 = 1

3 |(T E4
1 × T E4

2 ) · T E4
3 | =

√
3

2 L2
ALB| sin β|. (3.53)

3.4.1 Eigenmodes and correlation matrices of E4

The eigenspectrum and eigenmodes of the third-turn space can be derived similarly to those
from above. For E4, the discretization condition (3.7), which follows from the translation
vectors T E4

j , yields the components of the allowed wavevectors,

(kn)x = 2πn1
LA

, (kn)y = 2π√
3LA

(n1 + 2n2), (kn)z = 2πn3
3LB sin β

. (3.54)
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As in the case of E2, the eigenmodes of E4 include linear combinations of E1 eigenmodes,
as (ME4

B )N kn = kn admits multiple solutions for the minimum positive N , depending on
kn. Here we have:

N = 1 eigenmodes: kn = (0, 0, (kn)z)T , i.e., n = (0, 0, n3), n3 = 3m + λ, where m ∈ Z,
with

ΥE4
ij,(0,0,n3)(x, λ) = eikn·(x−x0))eij(k̂n, λ), (3.55)

N = 3 eigenmodes: ((kn)x, (kn)y) ̸= (0, 0), i.e., (n1, n2) ̸= (0, 0), with

ΥE4
ij,n(x, λ) = 1√

3

2∑
a=0

eij

([
(ME4

B )T
]a

k̂n, λ
)

eikn·
(

(ME4
B )a(x−x0)+ME4

0a T
E4
B

)
, (3.56)

and ME4
0a defined in (3.8). For the N = 1 and N = 3, we have ΦE4

kn
= 1, as no additional

phase factors arise to simplify the correlations further. As in E2, the cyclic properties of ME4
B

would lead to repeated counting of eigenmodes if all n1 ∈ Z and n2 ∈ Z were included. To
avoid this, we define two sets of allowed modes, now for N = 1 and N = 3,

λN E4
1 = {(0, 0, 3m + λ)|m ∈ Z}, for λ ∈ {−2, 2}

N E4
3 = {(n1, n2, n3)|n1 ∈ Z̸=0, n2 ∈ Z, n1n2 ≥ 0, n3 ∈ Z},

N E4 = λN E4
1 ∪ N E4

3 .

(3.57)

In this case, not only is λN E4
1 different from its scalar counterpart, but as it is apparent from

the employed notation, the set of allowed wavevectors is different for each of the helicities.
Using these, the helicity-dependent Fourier-mode correlation matrix can be written as

CE4;XY
iji′j′,knkn′ ,λλ′ = VE4

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)ei(kn′ −kn)·x0δ
(K)
λλ′

× Eiji′j′(k̂n, k̂n′ , λ)

 ∑
ñ∈λN E4

1

δ
(K)
knkñ

δ
(K)
kn′ kñ

+ 1
3

∑
ñ∈N E4

3

2∑
a=0

2∑
b=0

eikñ·(T (a)−T (b))δ
(K)
kn([(ME4

B )T ]akñ)
δ

(K)
kn′ ([(ME4

B )T ]bkñ)

 ,

(3.58)

where VE4 is given in (3.53), T (0) ≡ 0, and T (a) ≡ ME4
0a T E4

B for a ∈ {1, 2}.
Also as in E2, we can use the rotation properties of the spin-weighted spherical harmonics

along with the fact that ME4
B is a rotation around the z-axis by 2π/3 to note that

λYℓ−m

([
(ME4

B )T
]j

k̂n

)
= e−i2mjπ/3

λYℓ−m(k̂n) . (3.59)
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This gives for the eigenmodes in the harmonic basis

ξE4;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·x0 , for n ∈ λN E4
1

ξE4;T,k̂n

kn,ℓm,λ ≡ iℓ

√
3

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n)

×
2∑

j=0
e−i2mjπ/3e−ikn·

[
(ME4

B )jx0−ME4
0j T

E4
B

]
, for n ∈ N E4

3

(3.60)

ξE4;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n) e−ikn·x0 , for n ∈ λN E4
1

ξE4;E,k̂n

kn,ℓm,λ ≡ − iℓ

√
3

√
2π2 −λYℓm(k̂n)

×
2∑

j=0
e−i2mjπ/3e−ikn·

[
(ME4

B )jx0−ME4
0j T

E4
B

]
, for n ∈ N E4

3

(3.61)

and

ξE4;B,k̂n

kn,ℓm,λ = −λ

2 ξE4;E,k̂n

kn,ℓm,λ . (3.62)

The spherical-harmonic space covariance matrix has the form (3.21).

3.5 E5: Sixth-turn space

Properties. This manifold is compact, orientable, inhomogeneous, and anisotropic.

Generators. In general the generators of E5 can be written as

ME5
A = 1, ME5

B = Rẑ(π/3) =

 1/2 −
√

3/2 0√
3/2 1/2 0
0 0 1

 , with

T E5
A1

= LA

1
0
0

 , T E5
A2

= LA

−1/2√
3/2
0

 , T E5
B = LB

cos β cos γ

cos β sin γ

sin β

 . (3.63)

In section 3.5 of ref. [27], we presented a set of conditions on the parameters of E5 (LA, LB,
β, and γ) that avoids double-counting identical manifolds with different generator choices.

Associated E1. In addition to T E5
1 ≡ T E5

A1
and T E5

2 ≡ T E5
A2

, a third independent translation
follows from (ME5

B )6 = 1:

gE5
3 ≡ (gE5

B )6 : x → x + T E5
3 , (3.64)

for

T E5
3 ≡

 0
0

6LBz

 = 6LB

 0
0

sin β

 . (3.65)
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Volume
VE5 = 1

6 |(T E5
1 × T E5

2 ) · T E5
3 | =

√
3

2 L2
ALB| sin β|. (3.66)

3.5.1 Eigenmodes and correlation matrices of E5

The eigenspectrum and eigenmodes of the third-turn space can be derived similarly to those
from above, in particular, it is very similar to E4. For E5, the discretization condition (3.7)
from the translation vectors T E5

j yields the components of the allowed wavevectors,

(kn)x = 2πn1
LA

, (kn)y = 2π√
3LA

(n1 + 2n2), (kn)z = 2πn3
6LB sin β

. (3.67)

As in E2, the eigenmodes of E5 can include linear combinations of E1 eigenmodes since
(ME5

B )N kn = kn has more than one solution for the minimum positive N , depending on
kn. Here we have:

N = 1 eigenmodes: kn = (0, 0, (kn)z)T , i.e., n = (0, 0, n3), n3 = 6m + λ, where m ∈ Z,
with

ΥE5
ij,(0,0,n3)(x, λ) = eikn·(x−x0))eij(ẑ, λ), (3.68)

N = 6 eigenmodes: ((kn)x, (kn)y) ̸= (0, 0), i.e., (n1, n2) ̸= (0, 0), with

ΥE5
ij,n(x, λ) =e−ikn·ME5

03 T
E5
B /2

√
6

5∑
a=0

eij

([
(ME5

B )T
]a

k̂n, λ
)

eikn·
(

(ME5
B )a(x−x0)+ME5

0a T
E5
B

)
,

(3.69)

and ME5
0a defined in (3.8). For the N = 6 modes, we choose ΦE5

kn
= −kn · ME5

03 T E5
B /2 in (3.3)

— this will simplify the reality condition of the field. As in E2, the cyclic properties of ME5
B

would lead to overcounting of eigenmodes if all n1 ∈ Z and n2 ∈ Z were included. To avoid
this, we define two sets of allowed modes, now for N = 1 and N = 6,

λN E5
1 = {(0, 0, n3 = 6m + λ)|m ∈ Z} for λ ∈ {2, −2},

N E5
6 = {(n1, n2, n3)|n1 ∈ Z>0, n2 ∈ Z≥0, n3 ∈ Z},

N E5 = λN E5
1 ∪ N E5

6 .

(3.70)

Using these, the helicity-dependent Fourier-mode correlation matrix can be written as

CE5;XY
iji′j′,knkn′ ,λλ′ = VE5

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)ei(kn′ −kn)·x0δ
(K)
λλ′

× Eiji′j′(k̂n, k̂n′ , λ)

 ∑
ñ∈λN E5

1

δ
(K)
knkñ

δ
(K)
kn′ kñ

+ 1
6

∑
ñ∈N E5

6

5∑
a=0

5∑
b=0

eikñ·(T (a)−T (b))δ
(K)
kn([(ME5

B )T ]akñ)
δ

(K)
kn′ ([(ME5

B )T ]bkñ)

 ,

(3.71)

where VE5 is given in (3.66), T (0) ≡ 0, and T (a) ≡ ME5
0a T E5

B for a ∈ {1, . . . , 5}.
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Also as in E2, we can use the rotation properties of the spherical harmonics along with
the fact that ME5

B is a rotation around the z-axis by π/3 to note that

λYℓ−m

([
(ME5

B )T
]j

k̂n

)
= e−imjπ/3

λYℓ−m(k̂n). (3.72)

This gives for the eigenmodes in the harmonic basis

ξE5;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·x0 , for n ∈ λN E5
1

ξE5;T,k̂n

kn,ℓm,λ ≡ iℓ

√
6

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·ME5
03 T

E5
B /2

×
5∑

j=0
e−imjπ/3e−ikn·

[
(ME5

B )jx0−ME5
0j T

E5
B

]
, for n ∈ N E5

6

(3.73)

ξE5;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n) e−ikn·x0 , for n ∈ λN E5
1

ξE5;E,k̂n

kn,ℓm,λ ≡ − iℓ

√
6

√
2π2 −λYℓm(k̂n) e−ikn·ME5

03 T
E5
B /2

×
5∑

j=0
e−imjπ/3e−ikn·

[
(ME5

B )jx0−ME5
0j T

E5
B

]
, for n ∈ N E5

6

(3.74)

and

ξE5;B,k̂n

kn,ℓm,λ = −λ

2 ξE5;E,k̂n

kn,ℓm,λ . (3.75)

The spherical-harmonic space covariance matrix has the form (3.21).

3.6 E6: Hantzsche-Wendt space

Properties. This manifold is compact, orientable, inhomogeneous, and anisotropic (for
more information, see ref. [55]).

Generators. In general the generators of E6 can be written as

ME6
A =

1 0 0
0 −1 0
0 0 −1

 , ME6
B =

−1 0 0
0 1 0
0 0 −1

 , ME6
C =

−1 0 0
0 −1 0
0 0 1

 , with

T E6
A =


LAx(

ry + 1
2

)
LBy(

rz − 1
2

)
LCz

 , T E6
B =


(
rx − 1

2

)
LAx

LBy(
rz + 1

2

)
LCz

 , T E6
C =


(
rx + 1

2

)
LAx(

ry − 1
2

)
LBy

LCz

 . (3.76)

Here, we introduce an alternative representation by replacing the orientation angles with
three additional parameters, {rx, ry, rz} ∈ (−1/2, 1/2]. The standard (special origin, i.e.,
“untilted”) form corresponds to setting rx = ry = rz = 1

2 . In section 3.6 of ref. [27], we
presented a set of conditions on the parameters of E6 (i.e., LAx , LBy , and LCz ) to avoid
double-counting identical manifolds with different generator choices.
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Associated E1. Since (ME6
A )2 = (ME6

B )2 = (ME6
C )2 = 1, (gE6

A )2, (gE6
B )2, and (gE6

C )2 are
(independent) pure translations:

gE6
1 ≡ (gE6

A )2 : x → x + T E6
1 ,

gE6
2 ≡ (gE6

B )2 : x → x + T E6
2 , (3.77)

gE6
3 ≡ (gE6

C )2 : x → x + T E6
3 ,

for

T E6
1 ≡

2LAx

0
0

 , T E6
2 ≡

 0
2LBy

0

 , T E6
3 ≡

 0
0

2LCz

 . (3.78)

Volume
VE6 = 1

4 |(T E6
1 × T E6

2 ) · T E6
3 | = 2|LAxLByLCz|. (3.79)

3.6.1 Eigenmodes and correlation matrices of E6

The eigenspectrum and eigenmodes of the Hantzsche-Wendt space can be determined in a
manner analogous to those from above. Complications arise from the fact that E6 contains
rotations around multiple axes so a more careful discussion is warranted. The discretization
condition (3.7) from the translation vectors T E6

j is still straightforward and leads to the
components of the allowed wavevectors,

(kn)x = 2πn1
2LAx

, (kn)y = 2πn2
2LBy

, (kn)z = 2πn3
2LCz

. (3.80)

As in E2, the eigenmodes of E6 can include linear combinations of E1 eigenmodes since
(ME6

a )Nakn = kn has more than one solution for the minimum positive Na, depending on kn,
for a ∈ {A, B, C}. Since all the rotations are half turns, i.e., all (ME6

a )2 = 1, there are linear
combinations with the Na = 1 and Na = 2. At first glance eq. (3.3) seems to suggest that
the eigenmodes with Na = 1 will be a linear combination of four eigenmodes of E1. However,
since ME6

A ME6
B = ME6

C (and all permutations of {A, B, C}) along with the invariance of the
eigenmodes under the group action (3.1), a linear combination of only two eigenmodes of
E1 is required in this case. The results of tensor eigenmodes are quite similar to the scalar
eigenmodes, with an additional contribution of the tensor part. It is useful to examine how the
helicity tensors transform under these generators, as demonstrated in eqs. (3.27) and (3.28):

ME6
A · e(x̂, λ) · (ME6

A )T = e(x̂, λ),
ME6

A · e(ŷ, λ) · (ME6
A )T = e(−ŷ, λ),

ME6
A · e(ẑ, λ) · (ME6

A )T = e(−ẑ, λ),
ME6

B · e(x̂, λ) · (ME6
B )T = e(−x̂, λ),

ME6
B · e(ŷ, λ) · (ME6

B )T = e(ŷ, λ), (3.81)
ME6

B · e(ẑ, λ) · (ME6
B )T = e(−ẑ, λ),

ME6
C · e(x̂, λ) · (ME6

C )T = e(−x̂, λ),
ME6

C · e(ŷ, λ) · (ME6
C )T = e(−ŷ, λ),

ME6
C · e(ẑ, λ) · (ME6

C )T = e(ẑ, λ).
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Based on this we can choose:

NA = 1 eigenmodes: kn = ((kn)x, 0, 0)T , i.e., n = (n1, 0, 0), n1 ∈ 2Z>0, with9

ΥE6
ij,(n1,0,0)(x, λ) = e−ikn·T E6

B /2
√

2

[
eij(x̂, λ)eikn·(x−x0)

+ eij(−x̂, λ)e−ikn·(x−x0)eikn·T E6
B

]
, (3.82)

NB = 1 eigenmodes: kn = (0, (kn)y, 0)T , i.e., n = (0, n2, 0), n2 ∈ 2Z>0, with10

ΥE6
ij,(0,n2,0)(x, λ) = e−ikn·T E6

C /2
√

2

[
eij(ŷ, λ)eikn·(x−x0)

+ eij(−ŷ, λ)e−ikn·(x−x0)eikn·T E6
C

]
, (3.83)

NC = 1 eigenmodes: kn = ((0, 0, (kn)z)T , i.e., n = (0, 0, n3), n3 ∈ 2Z>0, with11

ΥE6
ij,(0,0,n3)(x, λ) = e−ikn·T E6

A /2
√

2

[
eij(ẑ, λ)eikn·(x−x0)

+ eij(−ẑ, λ)e−ikn·(x−x0)eikn·T E6
A

]
, (3.84)

Na = 2 eigenmodes: at most one component of kn zero, i.e., at most one of the ni equal
to zero, with

ΥE6
ij,n(x, λ) = 1√

4

eij(k̂n, λ)eikn·(x−x0)

+
∑

a∈{A,B,C}
eij

(
(ME6

a )T k̂n, λ
)

eikn·ME6
a (x−x0)eikn·T E6

a

 . (3.85)

For the Na = 1 modes, we choose ΦE6
kn

= −kn · T E2
a /2 for a ∈ {A, B, C} in (3.3) — this will

simplify the reality condition of the field. The cyclic properties of the ME6
a would lead to

9Here, we replace k̂n with x̂ and −x̂ in the argument of eij . Furthermore, since kn has only x components,
the application of MB and MC results in the transformation kn → −kn.

10Here, we replace k̂n with ŷ and −ŷ in the argument of eij . Furthermore, since kn has only y components,
the application of MA and MC results in the transformation kn → −kn.

11Here, we replace k̂n with ẑ and −ẑ in the argument of eij . Furthermore, since kn has only z components,
the application of MA and MB results in the transformation kn → −kn.
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repeated counting of eigenmodes. To avoid this, we define the sets of allowed modes as

N E6
1A = {(n1, 0, 0)|n1 ∈ 2Z>0},

N E6
1B = {(0, n2, 0)|n2 ∈ 2Z>0},

N E6
1C = {(0, 0, n3)|n3 ∈ 2Z>0},

N E6
2 = {(n1, n2, n3)|n1 ∈ Z>0, n2 ∈ Z>0, n3 ∈ Z}

∪ {(0, n2, n3)|n2 ∈ Z>0, n3 ∈ Z>0}
∪ {(n1, 0, n3)|n1 ∈ Z>0, n3 ∈ Z>0},

N E6 = N E6
1A ∪ N E6

1B ∪ N E6
1C ∪ N E6

2 .

(3.86)

Using these, the helicity-dependent Fourier-mode correlation matrix can be written as

CE6;XY
iji′j′,knkn′ ,λλ′ = VE6

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)

× ei(kn′ −kn)·x0δ
(K)
λλ′ Eiji′j′(k̂n, k̂n′ , λ)

×

1
2

∑
ñ∈N E6

1A

∑
a,b∈{0,B}

eikn·(T (a)−T (b))δ
(K)
kn((ME6

a )T kñ)
δ

(K)
kn′ ((ME6

b
)T kñ)

+ 1
2

∑
ñ∈N E6

1B

∑
a,b∈{0,C}

eikn·(T (a)−T (b))δ
(K)
kn((ME6

a )T kñ)
δ

(K)
kn′ ((ME6

b
)T kñ)

+ 1
2

∑
ñ∈N E6

1C

∑
a,b∈{0,A}

eikn·(T (a)−T (b))δ
(K)
kn((ME6

a )T kñ)
δ

(K)
kn′ ((ME6

b
)T kñ)

+1
4

∑
ñ∈N E6

2

∑
a,b∈{0,A,B,C}

eikn·(T (a)−T (b))δ
(K)
kn((ME6

a )T kñ)
δ

(K)
kn′ ((ME6

b
)T kñ)

 ,

(3.87)

where VE6 is given in (3.79), T (0) ≡ 0, and T (a) ≡ T E6
a for a ∈ {A, B, C}.

The rotation properties of the spin-weighted spherical harmonics can again be used to
simplify the eigenmodes of E6 in the harmonic basis. Though there are multiple axes of
rotation, the fact that they are half turns allows direct computation to show that

−λYℓm

(
(ME6

A )T k̂n

)
= (−1)ℓ+m

λY ∗
ℓm(k̂n),

−λYℓm

(
(ME6

B )T k̂n

)
= (−1)ℓ

λY ∗
ℓm(k̂n), (3.88)

−λYℓm

(
(ME6

C )T k̂n

)
= (−1)m

−λYℓm(k̂n) .

With these, the eigenmodes in the harmonic basis can be written in a number of useful forms.
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We have general expressions patterned after the expressions given for E1–E5,

ξE6;T,k̂n

kn,ℓm,λ = iℓ

√
2

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂nx) e−ikn·T E6
B /2

×
[
e−ikn·x0 + (−1)meikn·x0eikn·T E6

B

]
, for n ∈ N E6

A

ξE6;T,k̂n

kn,ℓm,λ = iℓ

√
2

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂ny ) e−ikn·T E6
C /2

×
[
e−ikn·x0 + (−1)meikn·x0eikn·T E6

C

]
, for n ∈ N E6

B

ξE6;T,k̂n

kn,ℓm,λ = iℓ

√
2

√
2π2(ℓ + 2)!

(ℓ − 2)! e−ikn·T E6
A /2

[
−λYℓm(k̂nz )e−ikn·x0

+λYℓm(k̂nz )eikn·x0eikn·T E6
A

]
, for n ∈ N E6

C

ξE6;T,k̂n

kn,ℓm,λ = iℓ

√
4

√
2π2(ℓ + 2)!

(ℓ − 2)!
[

−λYℓm(k̂n)
(

e−ikn·x0 + (−1)me−ikn·(ME6
C x0−T

E6
C )
)

+ (−1)ℓ
λY ∗

ℓm(k̂n)
(

(−1)me−ikn·(ME6
A x0−T

E6
A )

+e−ikn·(ME6
B x0−T

E6
B )
)]

, for n ∈ N E6
2

(3.89)

ξE6;E,k̂n

kn,ℓm,λ = − iℓ

√
2

√
2π2 −λYℓm(k̂nx) e−ikn·T E6

B /2

×
[
e−ikn·x0 + (−1)meikn·x0eikn·T E6

B

]
, for n ∈ N E6

A

ξE6;E,k̂n

kn,ℓm,λ = − iℓ

√
2

√
2π2 −λYℓm(k̂ny ) e−ikn·T E6

C /2

×
[
e−ikn·x0 + (−1)meikn·x0eikn·T E6

C

]
, for n ∈ N E6

B

ξE6;E,k̂n

kn,ℓm,λ = − iℓ

√
2

√
2π e−ikn·T E6

A /2
[

−λYℓm(k̂nz )e−ikn·x0

+λYℓm(k̂nz )eikn·x0eikn·T E6
A

]
, for n ∈ N E6

C

ξE6;E,k̂n

kn,ℓm,λ = − iℓ

√
4

√
2π2

[
−λYℓm(k̂n)

(
e−ikn·x0 + (−1)me−ikn·(ME6

C x0−T
E6
C )
)

+ (−1)ℓ
λY ∗

ℓm(k̂n)
(

(−1)me−ikn·(ME6
A x0−T

E6
A )

+e−ikn·(ME6
B x0−T

E6
B )
)]

, for n ∈ N E6
2

(3.90)

and

ξE6;B,k̂n

kn,ℓm,λ = −λ

2 ξE6;E,k̂n

kn,ℓm,λ . (3.91)

The spherical-harmonic space covariance matrix has the form (3.21).
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3.7 E11: Chimney space

The chimney space, E11, serves as the basis for all Euclidean manifolds with two compact
dimensions (i.e., compact cross-sections), much like E1 does for all compact manifolds. It
can be regarded as E1 with one non-compact dimension. Additionally, E12 through E15
all originate from E11.

Properties. This manifold has compact cross-sections and is orientable, homogeneous, and
anisotropic.

Generators. Since E11 has only two compact dimensions, it is described by two generators.
In general (see ref. [27]) the z direction is chosen to be non-compact and the generators
of E11 are given by

ME11
A = 1, with

T E11
A1

= LA1

1
0
0

 , T E11
A2

= LA2

cos α

sin α

0

 . (3.92)

Similarly to E1, it is often convenient to simplify notation by dropping the A label and
instead use

Liw ≡ LAiw, for i ∈ {1, 2}, w ∈ {x, y, z};
Li ≡ LAi , for i ∈ {1, 2}. (3.93)

In section 3.7 of ref. [27], we presented a set of conditions on the parameters of E11 (Li and
α) that avoids double-counting identical manifolds with different generator choices.

Cross-sectional area. Since the chimney spaces have two compact dimensions, their volumes
are infinite, but their cross-sections perpendicular to the non-compact direction are finite:

AE11 = |T E11
1 × T E11

2 | = L1L2| sin α|. (3.94)

3.7.1 Eigenmodes and correlation matrices of E11

The chimney space resembles the 3-torus but has only two compact dimensions, resulting
in a finite cross-sectional area (3.94). Similar to E1, we start with the eigenmodes of the
covering space (E18) (2.1) and select those that preserve the symmetries of E11.

Gα(ΥE11
ij,k(x, λ)) = ΥE11

ij,k(x, λ) . (3.95)

Similar to the scalar case of E11, since all elements of ΓE11 are pure translations, as in E1,
only one E18 eigenmode contributes for each allowed k. The two generators of E11 (3.92)
impose two discretization conditions — rather than three, as in E1 — while the helicity
tensor does not introduce any additional constraints, following (3.7),

(kn)x = 2πn1
L1

, (3.96)

(kn)y = 2πn2
L2 sin α

− 2πn1
L1

cos α

sin α
,
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while (kn)z ≡ kz is unconstrained. We will write kn as a shorthand for the wavevector
parametrized by (n1, n2; kz), i.e., by the integers n1 and n2 and the real variable kz. The
usual (untilted) results are recovered for α = π/2. Thus

ΥE11
ij,n(x, λ) = eij(k̂n, λ)eikn·(x−x0) , for n ∈ N E11 (3.97)

where
N E11 ≡ {(n1, n2)|ni ∈ Z} . (3.98)

Following (2.5) the Fourier-mode correlation matrix for E11 is

CE11;XY
iji′j′,knkn′ ,λλ′ = 2πAE11

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)δ(K)
(kn)x(kn′ )x

δ
(K)
(kn)y(kn′ )y

× δ(D)(kz − k′
z)δ(K)

λλ′ Eiji′j′(k̂n, k̂n′ , λ) . (3.99)

In transitioning from E1 (compare eq. (3.99) to eq. (3.16)) we have replaced VE1 with 2πAE11

(the cross-sectional area given by (3.94)) and δ
(K)
knkn′ with a Kronecker delta for the x and

y components of kn and a Dirac delta function for the z component.
We can project the field ϕX onto the sky by performing a radial integral with a suitable

weight function and transfer function, giving

aE11;X
ℓm = 1

2πAE1

∑
(n1,n2)∈N E11

∑
λ=±2

∫ ∞

−∞
dkz D(kn, λ, 0)ξE11;X,k̂n

kn,ℓm,λ ∆X
ℓ (kn), (3.100)

with

ξE11;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n)e−ikn·x0 , (3.101)

ξE11;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n)e−ikn·x0 , (3.102)

and

ξE11;B,k̂n

kn,ℓm,λ = −λ

2 ξE11;E,k̂n

kn,ℓm,λ , (3.103)

where a similar transition to that above was performed in starting from eq. (3.17) and
replacing the sum over the (kn)z with the integral over kz.

For the chimney spaces Ei with i = 11 or i = 12, the spherical-harmonic space covariance
matrix now has the form

CEi;XY
ℓmℓ′m′ = π

4AEi

∑
λ=±2

∑
(n1,n2)∈N Ei

∫ ∞

−∞
dkz

Pt(kn)
k3

n

∆X
ℓ (kn)∆Y ∗

ℓ′ (kn) ξEi;X,k̂n

kn,ℓm,λ ξEi;Y,k̂n∗
kn,ℓ′m′,λ.

(3.104)

3.8 E12: Chimney space with half turn

The chimney space with half turn is a root of E11 and can be thought of as E2 with one
non-compact dimension.
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Properties. This manifold has compact cross-sections and is orientable, inhomogeneous,
and anisotropic.

Generators. Similar to E11, there are two generators, and similar to E2, one of the matrices
is a rotation by π. Conventionally this rotation is chosen to be around the y-axis (cf. ref. [56]).
Here we instead choose the rotation to be around the z-axis, as is done in E2. This makes it
clear that E12 is the limit of E2 with |T E2

A2
| → ∞. In general (see ref. [27]), the generators

of E12 can be written as

ME12
A = 1, ME12

B = Rẑ(π) = diag(−1, −1, 1), with

T E12
A ≡ T E12

1 = LA

1
0
0

 , T E12
B = LB

cos β cos γ

cos β sin γ

sin β

 . (3.105)

In section 3.8 of ref. [27], we presented a set of conditions on the parameters of E12 (LA,
LB , γ and β) that avoids double-counting identical manifolds with different generator choices.

Associated E11. In addition to T E12
1 defined above, a second independent translation is

(gE12
B )2 : x → x + T E12

2 , (3.106)

for

T E12
2 ≡

 0
0

2LBz

 = 2LB

 0
0

sin β

 . (3.107)

Cross-sectional area

AE12 = 1
2 |T E12

1 × T E12
2 | = LALB| sin β|. (3.108)

3.8.1 Eigenmodes and correlation matrices of E12

The eigenspectrum and eigenmodes of the chimney space with half turn can be derived using
a method similar to that of the chimney space in much the same way that these quantities
for E2 were determined from E1. For E12, the discretization condition (3.7) leads to the
components of the allowed wavevectors,

(kn)x = 2πn1
LAx

, (kn)z = πn2
LBz

, (3.109)

with ky again unconstrained. As in E11, we will write kn as a shorthand for the wavevector
parametrized by the integer array n = (n1, n2) and the real variable ky.

Unlike in E11, the eigenmodes of E12 can include a linear combination of two E11
eigenmodes. Here (ME12

B )N kn = kn has two solutions, N = 1 and N = 2. Written explicitly:

N = 1 eigenmodes: kn = (0, 0, (kn)z)T , i.e., n = (0, n2), n2 ∈ 2Z̸=0, ky = 0, with

ΥE12
ij,n(x, λ) = eij(k̂n, λ)eikn·(x−x0) = eij(k̂n, λ)eiπn2(z−z0)/LBz , (3.110)
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N = 2 eigenmodes: ((kn)x, (kn)z) ̸= (0, 0), i.e., (n1, n2) ̸= (0, 0), with

ΥE12
ij,n(x, λ) =e−ikn·T E12

B /2
√

2

(
eij(k̂n, λ)eikn·(x−x0)

+eij

(
(ME12

B )T k̂n, λ
)

eikn·(ME12
B (x−x0)+T

E12
B )

)
.

(3.111)

For the N = 2 modes, we choose ΦE12
kn

= −kn · T E12
B /2 in (3.3) — this will simplify the reality

condition of the field. Here the two sets of allowed modes are defined by

N E12
1 ≡ {(0, n2)|n2 ∈ 2Z̸=0} ,

N E12
2 ≡ {(n1, n2)|n1 ∈ Z>0, n2 ∈ Z},

N E12 ≡ N E12
1 ∪ N E12

2 .

(3.112)

With these the Fourier-mode correlation matrix can now be expressed as

CE12;XY
iji′j′,knkn′ ,λλ′ = 2πAE12

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)ei(kn′ −kn)·x0δ
(K)
λλ′

× Eiji′j′(k̂n, k̂n′ , λ)1
2

∑
(ñ1,ñ2)∈N E12

2

∫ ∞

−∞
dk̃y

1∑
a=0

1∑
b=0

eikñ·(T (a)−T (b))δ
(K)
(kn)x(k(a)

ñ )x

δ
(K)
(kn′ )x(k(b)

ñ )x

× δ
(K)
(kn)z(k(a)

ñ )z

δ
(K)
(kn′ )z(k(b)

ñ )z

δ(D)(ky − k̃(a)
y )δ(D)(k′

y − k̃(b)
y ),

(3.113)

where the terms with n ∈ N E12
1 are of measure zero and have been dropped, AE12 is given

in (3.108), T (0) ≡ 0, T (1) ≡ T E12
B , k

(a)
ñ ≡ [(ME12

B )T ]akñ, and k̃
(a)
y ≡ (k(a)

ñ )y.
In the harmonic basis we have:

ξE12;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E12
1

ξE12;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·T E12
B /2

×
(

e−ikn·x0 + (−1)me−ikn·
[
ME12

B x0−T
E12
B

])
, for n ∈ N E12

2

(3.114)

ξE12;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E12
1

ξE12;E,k̂n

kn,ℓm,λ ≡ − iℓ

√
2

√
2π2 −λYℓm(k̂n) e−ikn·T E12

B /2

×
(

e−ikn·x0 + (−1)me−ikn·
[
ME12

B x0−T
E12
B

])
, for n ∈ N E12

2

(3.115)
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and

ξE12;B,k̂n

kn,ℓm,λ = −λ

2 ξE12;E,k̂n

kn,ℓm,λ . (3.116)

The spherical-harmonic space covariance matrix has the form (3.104).

3.9 E16: Slab space including rotation

The slab space E16 serves as the basis for all Euclidean three-manifolds with one compact
dimension (i.e., compact lengths), much like E1 and E11 do for fully compact and two-
compact-dimensional spaces, respectively. The possibility of a corkscrew transformation (as
opposed to a pure translation) in the slab space was largely overlooked until recently [27].
While topologically, the corkscrew deformation is continuously reducible to the unrotated
slab space, it produces a physically distinct pattern of clones. To account for this distinction,
we categorize E16 into two cases: E

(h)
16 and E

(i)
16 .

3.9.1 E
(h)
16 : Conventional unrotated slab space

The conventional definition of E16 only includes a translation. Here we call this choice E
(h)
16 ,

because the space is homogeneous.

Properties. This manifold has a compact length and is orientable, homogeneous, and
anisotropic.

Generators. In general, since E16 has one compact dimension it is described by one generator,
which we may take to be a translation in the z direction (see ref. [27]), so the generator of E

(h)
16 is

ME
(h)
16

A = 1, with T
E

(h)
16

A = L

0
0
1

 . (3.117)

Even though there is only one generator, since this generator is a pure translation, we follow
the convention of using A to label it. As in E1 and E11, L is always positive.

Length. Since the slab spaces have only one compact dimension, their volumes and cross-
sectional areas are infinite. The shortest path length around the manifold at any point is L.

3.9.2 E
(i)
16 : General rotated slab space

The orientable slab space also allows a corkscrew motion, which is physically distinct and must
be considered separately. For the eigenmodes of the Laplacian to form a complete basis for
general smooth functions on the manifold, they must not have azimuthal symmetry around the
corkscrew axis. This requirement is met only if the rotation angle is a rational multiple of 2π,

Properties. Due to the corkscrew motion this differs from E
(h)
16 in that it is inhomogeneous.

This manifold has a compact length and is orientable, inhomogeneous, and anisotropic.
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Generators. Similarly to E
(h)
16 , there is one generator. In general the generator of E

(i)
16

can be written as

ME
(i)
16

B = Rẑ(2πp/q) =

cos(2πp/q) − sin(2πp/q) 0
sin(2πp/q) cos(2πp/q) 0

0 0 1

 , with

T
E

(i)
16

B =

Lx

0
Lz

 = L

cos β

0
sin β

 , (3.118)

where p ∈ Z̸=0, q ∈ Z>1, and |p| and q are relatively prime. As in E
(h)
16 , here since the

generator is a rotation, we use B to label it.

Associated E
(h)
16 . A pure translation can be defined for E

(i)
16 as

g
E

(i)
16

1 ≡ (gE
(i)
16

B )q : x → x + T
E

(i)
16

1 , for T
E

(i)
16

1 ≡

 0
0

qLz

 = qL sin β

0
0
1

 . (3.119)

Length. The length of E
(i)
16 is

L
E

(i)
16

= L| sin β|. (3.120)

3.9.3 Eigenmodes and correlation matrices of E
(h)
16

Similarly to E1 and E11, E
(h)
16 is homogeneous. It is compact in only one dimension so

there is only one generator of the topology. The one discretization condition following
from (3.7) leads to

(kn)z = 2πn

L
, (3.121)

while (kn)x ≡ kx and (kn)y ≡ ky are unconstrained. As in the chimney spaces, we will
again write kn as a shorthand for the wavevector characterized by the integer n and the
real variables kx and ky.

Thus

ΥE
(h)
16

ij,n (x, λ) = eij(k̂n, λ)eikn·(x−x0), for n ∈ N E
(h)
16 (3.122)

where
N E

(h)
16 = {n ∈ Z}. (3.123)

Following (2.5) the Fourier-mode correlation matrix for E
(h)
16 is

C
E

(h)
16 ;XY

iji′j′,knkn′ ,λλ′ = (2π)2L
π2

2k3 Pt(kn)∆X(kn)∆Y ∗(kn) δ
(K)
λλ′ Eiji′j′(k̂n, k̂n′ , λ)

× δ(D)(kx − k′
x)δ(D)(ky − k′

y)δ(K)
(kn)z(kn′ )z

.

(3.124)
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In transitioning from E1 (compare eq. (3.124) to eq. (3.16)) we have replaced VE1 with (2π)2L

and δ
(K)
knkn′ with a Kronecker delta for the z component of kn and Dirac delta functions

for the x and y components.
We can project the field ϕX onto the sky by performing a radial integral with a suitable

weight function and a transfer function, giving

a
E

(h)
16 ;X

ℓm = 1
(2π)2L

∑
n∈N E

(h)
16

∑
λ=±2

∫ ∞

−∞
dkx

∫ ∞

−∞
dky D(kn, λ, 0)ξE

(h)
16 ;X,k̂n

kn,ℓm,λ ∆X
ℓ (kn), (3.125)

with

ξ
E

(h)
16 ;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n)e−ikn·x0 , (3.126)

ξ
E

(h)
16 ;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n)e−ikn·x0 , (3.127)

and

ξ
E

(h)
16 ;B,k̂n

kn,ℓm,λ = −λ

2 ξ
E

(h)
16 ;E,k̂n

kn,ℓm,λ , (3.128)

where a transition similar to that above was performed in starting from eq. (3.17).
For the slab spaces the spherical-harmonic space covariance matrix now has the form

C
E

(a)
16 ;XY

ℓmℓ′m′ = 1
8Lq

∑
λ=±2

∑
n∈N E

(a)
16

∫ ∞

−∞
dkx

∫ ∞

−∞
dky

Pt(kn)
k3

n

× ∆X
ℓ (kn)∆Y ∗

ℓ′ (kn) ξ
E

(a)
16 ;X,k̂n

kn,ℓm,λ ξ
E

(a)
16 ;Y,k̂n∗

kn,ℓ′m′,λ ,

(3.129)

where a ∈ {h, i} labels the homogeneous (E(h)
16 ) and inhomogeneous (E(i)

16 ) slab spaces, with
q = 1 for the E

(h)
16 space.

3.9.4 Eigenmodes and correlation matrices of E
(i)
16

The eigenspectrum and eigenmodes of E
(i)
16 can be derived from E

(h)
16 like that for E12 from

E11 since ME
(i)
16

B is a rotation around the z-axis. For E
(i)
16 , the discretization condition (3.7)

leads to the component of the allowed wavevectors,

(kn)z = 2πn

qL sin β
, (3.130)

while (kn)x ≡ kx and (kn)y ≡ ky are again unconstrained. As in E
(h)
16 , we will again write kn as

a shorthand for the wavevector characterized by the integer n and the real variables kx and ky.
Unlike in E

(h)
16 , the eigenmodes of E

(i)
16 can include linear combinations of E

(h)
16 eigenmodes.

Here (ME
(i)
16

B )N kn = kn has two solutions, N = 1 and N = q. Written explicitly:

N = 1 eigenmodes: kn = (0, 0, (kn)z)T , i.e., n = qm + λ, m ∈ Z, kx = ky = 0, with

ΥE
(i)
16

ij,kn
(x, λ) = eij(k̂n, λ)eikn·(x−x0), (3.131)
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N = q eigenmodes: (kx, ky) ̸= (0, 0), n ∈ Z, with

ΥE
(i)
16

ij,kn
(x, λ) = 1

√
q

q−1∑
a=0

eij

([(
ME

(i)
16

B

)T
]a

kn, λ

)
eikn·(M

E
(i)
16

B )a(x−x0)eikn·M
E

(i)
16

0a T
E

(i)
16

B ,

(3.132)

and ME
(i)
16

00 ≡ 0 and ME
(i)
16

0a defined in (3.8). Here the two sets of allowed modes are defined by

λN E
(i)
16

1 = {n = qm + λ | m ∈ Z},

N E
(i)
16

q = {n ∈ Z},

N E
(i)
16 = λN E

(i)
16

1 ∪ N E
(i)
16

q .

(3.133)

With these the Fourier-mode correlation matrix can now be expressed as

C
E

(i)
16 ;XY

iji′j′,knkn′ ,λλ′ = (2π)2L
E

(i)
16

π2

2k3
n

Pt(kn)∆X(kn)∆Y ∗(kn)ei(kn′ −kn)·x0δ
(K)
λλ′

× Eiji′j′(k̂n, k̂n′ , λ) 1
q2

∑
ñ∈N

E
(i)
16

q

∫ ∞

−∞
dkx

∫ ∞

−∞
ky

q−1∑
a=0

q−1∑
b=0

eikñ·(T (a)−T (b))δ
(K)
(kn)z(k(a)

ñ )z

δ
(K)
(kn′ )z(k(b)

ñ )z

× δ(D)(kx − k̃(a)
x )δ(D)(k′

x − k̃(b)
x )δ(D)(ky − k̃(a)

y )δ(D)(k′
y − k̃(b)

y ),

(3.134)

where the terms with n ∈ λN E
(i)
16

1 are of measure zero and have been dropped, L
E

(i)
16

is given

in (3.120), T (0) ≡ 0, T (a) ≡ ME
(i)
16

0a T
E

(i)
16

B for a ∈ {1, . . . , q − 1}, k
(a)
ñ ≡ [(ME

(i)
16

B )T ]akñ, and
k̃

(a)
w ≡ (k(a)

ñ )w for w ∈ {x, y}.
In the harmonic basis we have

ξ
E

(i)
16 ;T,k̂n

kn,ℓm,λ ≡ iℓ

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E
(i)
16

1

ξ
E

(i)
16 ;T,k̂n

kn,ℓm,λ ≡ iℓ

√
q

√
2π2(ℓ + 2)!

(ℓ − 2)! −λYℓm(k̂n)

×
q−1∑
j=0

e−imjp/q e
−ikn·

[
(M

E
(i)
16

B )jx0−M
E

(i)
16

0j T
E

(i)
16

B

]
, for n ∈ N E

(i)
16

2 ,

(3.135)

ξ
E

(i)
16 ;E,k̂n

kn,ℓm,λ ≡ −iℓ
√

2π2 −λYℓm(k̂n) e−ikn·x0 , for n ∈ N E
(i)
16

1

ξ
E

(i)
16 ;E,k̂n

kn,ℓm,λ ≡ − iℓ

√
q

√
2π2 −λYℓm(k̂n)

×
q−1∑
j=0

e−imjp/q e
−ikn·

[
(M

E
(i)
16

B )jx0−M
E

(i)
16

0j T
E

(i)
16

B

]
, for n ∈ N E

(i)
16

2 ,

(3.136)
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and

ξ
E

(i)
16 ;B,k̂n

kn,ℓm,λ = −λ

2 ξ
E

(i)
16 ;E,k̂n

kn,ℓm,λ , (3.137)

The spherical-harmonic space covariance matrix has the form (3.129).

4 Numerical analysis

In the preceding section, we have presented the covariance matrices of CMB temperature
and E-mode and B-mode polarizations for each of the orientable topologies of E3 as a
function of the topology parameters characterizing manifolds of those topologies and of
the location of the observer. The CMB temperature and polarization anisotropies are
regarded as well-characterized as Gaussian fields on the sphere of the sky, with no significant
deviations detected in Planck data, though the variance of the temperature is low (p ≤ 2.5%
for all values of Nside), and there is even similar evidence of low skewness at large scales
(Nside ≤ 64) [57–60]. The information in a set of (correlated) Gaussian fields on the sky is
fully encapsulated in the expectation values and the covariance matrices of their spherical
harmonic coefficients, i.e., ⟨aEi;X

ℓm ⟩ and CEi;XY
ℓmℓ′m′ ≡ ⟨aEi;X

ℓm aEi;Y ∗
ℓ′m′ ⟩ [61]. The expected values

of these harmonic coefficients are zero in both trivial and non-trivial topologies, but the
covariance matrix can be significantly different. In the trivial topology, this matrix has
non-zero terms only along the diagonals of ℓ and m (i.e., ℓ = ℓ′, m = m′), and additionally
is only non-zero for XY ∈ {TT, EE, BB, TE}. Non-trivial topologies can break various
symmetries, specifically isotropy and parity invariance, inducing otherwise-forbidden non-zero
off-diagonal elements in the covariance matrix in all cross- and auto-correlations.

In ref. [29], we presented normalized polarization covariance matrices for E1–E3, high-
lighting the violation of different symmetries in these topologies and their impact on the
polarization covariance matrices. Building on this work, we now extend the analysis to
the full TEB covariance matrix for the compact, orientable Euclidean topologies E1–E6.12

We perform numerical computations of the covariance matrix elements for representative
manifolds of each topology, exploring the patterns of non-zero elements and their connection
to the symmetries broken in these spaces. Additionally, we investigate the distinguishability of
the resulting covariance matrices from the covering space by calculating their KL divergence,
to be explained in the next section.

4.1 KL divergence

A key question in studying non-trivial topologies of the Universe is whether the associated
probability distributions of observables, such as CMB fluctuations, are sufficiently distinct
from those in the trivial topology (the covering space) to enable the discovery of the topology.
We denote the probability distributions of the aℓm of the CMB under the hypothesis of
non-trivial and trivial topology by p({aℓm}) and q({aℓm}), respectively. One effective way to
quantify the detectability of the difference between p and q is using the KL divergence [37, 38],
also known as the relative entropy.

12The non-compact cases E11, E12, and E
(h)
16 can be treated as limiting cases of E1 and E2, while a detailed

study of E
(i)
16 is reserved for future work.
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The KL divergence quantifies the information lost when assuming an (“incorrect”) model
q instead of the (“correct”) model p and is defined as

DKL(p||q) =
∫

d{aℓm} p({aℓm}) ln
[

p({aℓm})
q({aℓm})

]
. (4.1)

For the CMB the aX
ℓm coefficients follow zero-mean Gaussian distributions allowing the KL

divergence to be simplified to

DKL(p||q) = 1
2
∑

j

(
ln |λj | + λ−1

j − 1
)

, (4.2)

where the {λi} are the eigenvalues of the matrix

CXY, p
ℓmℓ′m′ (CXY, q

ℓmℓ′m′)−1 .

We can also reverse the question: “How much information is lost if we assume the model
q is represented by the model p?” In our case, this quantifies whether CMB observations
coming from the trivial topology (model q) are expected to be distinguishable from those
coming from non-trivial topologies (model p). Since the eigenvalues of the inverse of the
matrix CXY, p

ℓmℓ′m′ (CXY, q
ℓmℓ′m′)−1 are simply 1/λj , we find

DKL(q||p) = 1
2
∑

i

(− ln |λj | + λj − 1) . (4.3)

In our case, both questions yield similar answers. We will focus primarily on DKL(p||q),
studying what happens when observations coming from a non-trivial topology are interpreted
as coming from ΛCDM.

4.2 Evaluation of CMB covariance matrices

In the covering space E18, the covariance matrix elements are efficiently computed numerically
as a one-dimensional integral over the magnitude of |k| ∈ (0, ∞). For non-trivial topologies,
the discretization of the wavevectors transform integrals into sums whose dimensionality
depends on whether the discretization is partial or complete, i.e., on how many of the three
dimensions are compactified. For the fully compact, orientable Euclidean topologies, this
summation can be expressed in the form of eq. (3.21), which we rewrite here for the auto-
and cross-correlations of the CMB anisotropies XY ∈ {TT, EE, BB, TE, EB, TB}:

CEi;XY
ℓmℓ′m′ = π2

2VEi

∑
λ=±2

∑
n∈N Ei

Pt(kn)
k3

n

∆X
ℓ (kn)∆Y ∗

ℓ′ (kn) ξEi;X,k̂n

kn,ℓm,λ ξEi;Y,k̂n∗
kn,ℓ′m′,λ. (4.4)

This summation is over an infinite set of wavevectors, making it computationally infeasible
to evaluate directly. In our previous work on scalar eigenmodes [27], we developed a
method to compute this sum for reasonably large topological scales, particularly for Dirichlet
domains that fully contain the LSS. This method consists in truncating the summation
at a maximum wavevector magnitude |kmax(ℓ)|, allowing for practical computation while
maintaining high accuracy.
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This requires a precise definition for our multipole-dependent cutoff, |kmax(ℓ)|. To address
this, we employ two distinct methods: one for parity-even correlations (TT , EE, BB, TE) and
another for parity-odd correlations (EB, BT ), which are exactly zero in the covering space.

For XY ∈ {TT, EE, BB, TE}, we define the ratio function

Rℓ(|k|) ≡
C

|k|,XY
ℓ

CΛCDM,XY
ℓ

, (4.5)

where

C
|k|,TT
ℓ = π

4
(ℓ + 2)!
(ℓ − 2)!

∫ |k|

0

dk′

k′ Pt(k′)∆T
ℓ (k′)2, (4.6)

C
|k|,EE
ℓ = π

4

∫ |k|

0

dk′

k′ Pt(k′)∆E
ℓ (k′)2, (4.7)

C
|k|,BB
ℓ = π

4

∫ |k|

0

dk′

k′ Pt(k′)∆B
ℓ (k′)2, (4.8)

C
|k|,T E
ℓ = π

4

√
(ℓ + 2)!
(ℓ − 2)!

∫ |k|

0

dk′

k′ Pt(k′)∆T
ℓ (k′)∆E

ℓ (k′), (4.9)

and CΛCDM,XY
ℓ is the standard ΛCDM angular power spectrum generated by CAMB [49, 62]

for E18.
We define |kmax,XY (ℓ)| as the smallest |k| (among allowed k) satisfying

Rℓ(|kmax,XY (ℓ)|) ≥ 0.99. In the limit L → ∞, this approach yields a power spec-
trum that is 1% smaller than the actual power spectrum. For the computation of
off-diagonal elements where ℓ ̸= ℓ′, we perform the summation in eq. (4.4) up to
|kmax(max(ℓ, ℓ′))| ≡ max(|kmax(ℓ)|, |kmax(ℓ′)|). We find that increasing the precision be-
yond 99% has a negligible impact on the KL divergence.

For EB and TB correlations, which are strictly zero in the standard ΛCDM framework,
we adopt a different strategy. Initially, we select the maximum |kmax,XY (ℓ)| for each ℓ among
the TT , EE, BB, and TE correlations. We then increase this value slightly to check whether
it leads to any significant changes in the EB and TB correlations. Since no changes are
observed, we retain the same maximum |kmax,XY (ℓ)| for these correlations as well. For the
computation of off-diagonal elements where ℓ ̸= ℓ′, we similarly perform the summation in
eq. (4.4) up to |kmax,XY (max(ℓ, ℓ′))|. As before, increasing the precision beyond 99% has
a negligible impact on the KL divergence.

We solve these equations using a specialized Python code developed for this purpose. To
compute the transfer function, ∆X

ℓ (k), and the primordial tensor power spectrum, Pt(k),
we use CAMB with the Planck 2018 best-fit ΛCDM cosmological parameters [63] and the
tensor-to-scalar ratio nT = −0.0128. (Note that the results are independent of r, for r ̸= 0,
since we are considering pure tensor perturbations in the absence of noise.)

Before presenting the covariance matrices for all compact, orientable topologies, it
is important to note that the choice of the orientation of the coordinate system affects
the appearance and symmetries of the covariance matrix. To facilitate comparison across
topologies, for our figures we always consider cases where the translation vectors Ti of the
associated E1 of the manifold are orthogonal to one another and parallel to the axes of our
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coordinate system (except as described for E1 in figure 1). Moreover, in order to compare
with the trivial topology, we plot the rescaled covariance matrix,

ΞEi;XY
ℓmℓ′m′ ≡

CEi;XY
ℓmℓ′m′√

CΛCDM;XX
ℓ CΛCDM;Y Y

ℓ′

. (4.10)

In the upper panels of figures 1–7, we present the modulus of the rescaled pure-tensor
TEB covariance matrices, ΞEi,XY

ℓmℓ′m′ , and their corresponding KL divergence for the E1–E6
topologies; however, we emphasize that these are inherently complex matrices. The covariance
matrices are displayed in “ℓ ordering,” meaning that the entries are sequenced by increasing
values of the multipole ℓ and, within each ℓ, further organized by increasing m. The {ℓ, m}
elements are indexed as s = ℓ(ℓ + 1) + m, with m in the range −ℓ ≤ m ≤ ℓ. For each
topology, we show the rescaled covariance matrices for two different observers, typically one
located on the axis of rotation of the topology and one off-axis. For E2 and E3 we add a
third observer. The topological length scales and the off-axis positions for these correlation
matrices are selected to ensure that the observer cannot detect matched pairs of circles in
the CMB, therefore satisfying current observational constraints on topology following the
methodology described in ref. [25].

For E1 (upper panels of figure 1), we set L1 = L2 = 1.4LLSS and L3 = LLSS. As E1 is
homogeneous, the covariance matrices are independent of observer location. We thus present
the results for an untilted (β = 90◦) configuration (top left panel) and a tilted (β = 75◦) one
(top right panel), with α = γ = 90◦ in both cases. For the on-axis observer in E2–E5 (top
left panels of figures 2–5), we choose LA = 1.4LLSS and LB = LLSS. As the tilt and off-axis
position of the observer are degenerate, we set the tilt parameters to zero. The off-axis
observers in these topologies (top right panels of figures 2–5) are selected to lie between two
excluded regions for LB < LLSS, as illustrated in figure 2 of ref. [25]. For these observers, we
maintain LA = 1.4LLSS and set LB = Lcircle, where Lcircle is defined as the smallest LB for
which no pairs of identical circles appear on the CMB sky. In the upper panels of figure 6
we present the covariance matrices for E2 (left) and E3 (right) for LA = 1.4LLSS and set
LB = Lcircle (as in figure 2 and figure 3) for the off-axis observer position considered for
those manifolds in ref. [27]. Finally, for E6 (upper panels of figure 7), one observer (top
left panel) is located at the origin, with LAx = 0.6LLSS, LBy = 0.8LLSS, LCz = LLSS, and
rx = ry = rz = 1/2. For an off-axis observer in E6 (top right panel), we set LAx = Lcircle,
LBy = 0.8LLSS, LCz = LLSS, and rx = ry = rz = 1/2. We then choose the observer location
as x0 = (0.1, 0, 0.2)LLSS. For this observer, Lcircle = 0.5LLSS, where Lcircle is the smallest
value of LAx with no matched circles on the sky. These choices enable us to explore the
allowed parameter space for smaller topology sizes, potentially enhancing the topological
information encoded in the CMB.

The properties and symmetry violations in these topologies have been extensively dis-
cussed in refs. [27, 29]. We briefly review these findings here and discuss new results where
appropriate.

The E1 topology (figure 1) is homogeneous and hence parity conserving for all observers,
so correlations vanish for odd (ℓ + ℓ′) in TT , EE, BB, and TE, and for even (ℓ + ℓ′) in
EB and TB correlations. In the untilted E1 case (top left panel), correlations for the
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m − m′ ̸≡ 0 (mod 4) modes also vanish, in contrast to the tilted E1 case (top right panel),
where such correlations do not necessarily vanish. This behavior arises as a consequence
of the untilted manifold’s accidental discrete 4-fold rotational symmetry about the z-axis
and our choice to orient the axes in the untilted E1 parallel to the translation vectors
defining the generators.

For E2–E6, the manifold is no longer homogeneous: the axis of rotation introduces a
preferred location that breaks statistical homogeneity. For most or all observers (as specified
below) parity is then violated, potentially inducing non-zero elements in both even and odd
(ℓ + ℓ′) blocks across all TT , EE, BB, TE, EB, and TB correlations in the TEB covariance
matrices. The patterns of these correlations of course vary depending on the specific values
of the parameters of the manifold and the location of the observer.

For example, in E2 (figure 2), when the observer is positioned along the axis of rotation
(top left panel), the correlations exhibit symmetries similar to those in E1, preserving parity
in the XY correlations. However, when the observer is off-axis in E2 (top right panel),
parity is violated except at certain special observer locations, such as shown in the top left
panel of figure 6. Meanwhile, in E6 (figure 7) parity is preserved only when the observer
is at the intersection of all three rotation axes (top left panel), where the clone pattern
maintains reflection symmetry. Elsewhere (e.g., top right panel), this symmetry is lost
and parity is violated.

In contrast, the E3–E5 topologies (figures 3–5) exhibit parity violation even for on-axis
observers (top left panels). Since rotations of π/2 (E3), 2π/3 (E4), and π/3 (E5) are not
equivalent to their negative counterparts (−π/2, −2π/3, and −π/3, respectively), these spaces
acquire a handedness, and parity is violated for all observer locations. Moreover, E3–E5
induce non-zero diagonal elements in (ℓ, m) within the EB and TB covariance matrices for
both on-axis (top left) and off-axis (top right) observers, while, E2 (figure 2) and E6 (figure 7)
have zero diagonal elements in EB and TB, even for off-axis observers (top right) where
parity is violated. This is easier to see in E6, as shown in the top right panel of figure 7.
This behavior arises from the specific symmetry properties of E2 and E6, which prohibit
diagonal EB and TB correlations that are diagonal in (ℓ, m).

These effects underscore the importance of considering the full covariance matrix, partic-
ularly the off-diagonal elements, to discern the topological signature from other potential
parity-violating signals, such as cosmic birefringence [64, 65]. By examining the TEB correla-
tions for E1–E6, we highlight the interplay between topology, parity violation, and tensor
perturbations, offering a framework for distinguishing these effects in observational data.

In ref. [29], we studied the behavior of the KL divergence for tensor-induced EE, BB,
and EB correlations as a function of topology scale for E2. Here we offer much more
complete results, extending the analysis to encompass the tensor-induced full TEB correlations
for E1–E6.

The lower left panels in figures 1–7 show the KL divergence, DKL(p||q), computed up to
ℓmax = 70, for the topology parameters and observer locations corresponding to the covariance
matrices displayed (for ℓ = 2−5) in the top panels; however, one topology parameter is varied
while the others are held fixed. Our analysis shows that the two statistics DKL(p||q) and
DKL(q||p), where p represents the probability distribution for the non-trivial topology and q
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Figure 1. Upper panels: absolute values of the rescaled full TEB CMB covariance matrix, ΞE1;XY
ℓmℓ′m′ , for

the E1 topology at low multipoles (ℓmax = 5). The topology parameters are set to L1 = L2 = 1.4LLSS
and L3 = LLSS, with the left panel corresponding to the untilted case (β = 90◦) and the right
panel to the tilted case (β = 75◦). Lower panels: KL divergence for the E1 topology. The left panel
illustrates the KL divergence as a function of L3/Lcircle for both untilted (β = 90◦) and tilted (β = 75◦)
configurations, calculated up to ℓmax = 70. Circles denote computed data points, while solid lines
connect these points for visual continuity. Here, Lcircle = LLSS represents the smallest value of L3 at
which no pairs of identical circles appear in the CMB. The right panel presents the behavior of the KL
divergence as a function of ℓmax for L3 = 1.1LLSS, comparing the tilted and untilted configurations.
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Figure 2. Upper panels: absolute values of the rescaled full TEB CMB covariance matrix, ΞE2;XY
ℓmℓ′m′ ,

for low multipoles (ℓmax = 5) in the E2 topology. The results are shown for an untilted E2 topology
with LA1 = LA2 = 1.4LLSS and LB = Lcircle. The left panel corresponds to an on-axis observer, while
the right panel represents an off-axis observer located at x0 = (0.33, 0.12, 0)LLSS. Lower panels: KL
divergence for the covariance matrices above. The left panel shows the KL divergence as a function of
LB/Lcircle, calculated up to ℓmax = 70. For the on-axis observer, LB = Lcircle = LLSS, while for the
off-axis observer, LB = Lcircle ≈ 0.71LLSS. The right panel shows the KL divergence as a function of
ℓmax for LB = 1.1LLSS, highlighting differences between on-axis and off-axis observers. Circles denote
computed data points, while solid lines connect these points for visual continuity.
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Figure 3. As in figure 2, but for the E3 topology. Here, LA = 1.4LLSS, and the off-axis observer
is located at x0 = (0.33, 0.37, 0)LLSS. The circle limit is Lcircle = LLSS for the on-axis observer and
Lcircle ≈ 0.71LLSS for the off-axis observer. The left lower panel shows the KL divergence up to
ℓmax = 70.

corresponds to the probability distribution for the covering space, exhibit similar behavior
and convey comparable information. Consequently, we present only DKL(p||q).

For E1, we keep L1 = L2 = 1.4LLSS and vary L3/Lcircle in the bottom left panel of
figure 1. Here, Lcircle represents the smallest value of L3 for which no matched circles
appear in the CMB. In both the tilted and untilted E1 configurations, Lcircle is always
equal to LLSS for all observers. For L3 < LLSS, the CMB exhibits matched circles and the
KL divergence is large, but as L3 increases, the KL divergence gradually decreases. Once
L3 ≥ LLSS, the CMB no longer exhibits matched circles. As L3 is increased further, the KL
divergence eventually drops below the conventional model-distinguishability threshold (i.e.,
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Figure 4. As in figures 2 and 3, but for the E4 topology. Here, we set LA = 1.4LLSS, and the
off-axis observer is located at x0 = (0.35, −0.2, 0)LLSS. The circle limit remains Lcircle = LLSS for the
on-axis observer and Lcircle ≈ 0.71LLSS for the off-axis observer. The bottom left panel shows the KL
divergence up to ℓmax = 70.

DKL(p||q) = 1) for both the tilted and untilted configurations. With further increases in
the topology size, the KL divergence continues to decline at a slower rate and the difference
between the tilted and untilted configurations diminishes, converging to nearly the same
value by L3/LLSS = 1.1, at least for ℓmax = 70.

In the bottom right panel of figure 1, we plot the KL divergence as a function of ℓmax at
L3/LLSS = 1.1. We see that the KL divergence increases significantly with higher ℓmax. This
suggests that, unlike the scalar TT case, where the KL divergence saturates at ℓmax ≃ 30
(see, e.g., refs. [27, 45]), higher values of ℓmax are required to fully capture cosmic topology
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Figure 5. As in figures 2–4, but for the E5 topology. Following the E4 topology, we use LA = 1.4LLSS,
with the off-axis observer located at x0 = (0.35, −0.61, 0)LLSS. The circle limit remains Lcircle = LLSS
for the on-axis observer and Lcircle ≈ 0.71LLSS for the off-axis observer. The bottom left panel shows
the KL divergence up to ℓmax = 70.

information in the tensor TEB correlations. Consequently, the KL divergence values shown
in the bottom left panel should be interpreted as lower limits, reflecting only the information
contained within tensor modes up to ℓmax = 70. This raises the question of at what value
of ℓmax the KL divergence saturates. We return to this question below where we discuss
figure 8, showing the dependence of the KL divergence on ℓmax for E2–E5.

For E2–E5, we set LA = 1.4LLSS and vary LB in the KL divergence plots — subfigures (c)
of figures 2–5.13 The x-axis is labeled as LB/Lcircle, where Lcircle is defined as the smallest

13To simplify the notation for E2, where the length parameters are LA1 , LA2 , and LB , we assume LA1 = LA2
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Figure 6. Rescaled pure tensor TEB covariance matrices (upper panels) and corresponding KL
divergences (lower panels) for the two off-axis observers in E2 and E3 used in ref. [27] in comparison
to the corresponding on-axis observers. Here, LA = 1.4LLSS and LB is varied in the KL divergence
plots. Both off-axis observers share the same volume with Lcircle ≈ 0.71.

LB for which no identical pairs of circles appear in the CMB. For an on-axis observer,
Lcircle = LLSS as long as LA > LLSS, and so, in particular here. For all off-axis observers
in E2–E5, we locate the observers such that Lcircle ≈ 0.71LLSS.14

As observed in E1, for topologies E2–E5, when LB/Lcircle > 1, the distinct circles in the
CMB disappear, resulting in a decrease in the KL divergence and, consequently, a reduction

and refer to them collectively as LA.
14Had we chosen LA < LLSS, identical circles would always appear in the CMB, regardless of the value

of LB .
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Figure 7. Upper panels: absolute values of the rescaled full TEB CMB covariance matrix, ΞE6;XY
ℓmℓ′m′ ,

for low multipoles (ℓmax = 5) in the E6 topology. The results are shown for an untilted E6 topology
with rx = ry = rz = 1

2 and LAx
= Lcircle, LBy

= 0.8LLSS, and LCz
= LLSS. The left and right panels

correspond to an on-axis observer (Lcircle = 0.6LLSS) and an off-axis observer (Lcircle = 0.5LLSS,
located at x0 = (0.1, 0, 0.2)LLSS), respectively. Lower panels: KL divergence as a function of
LAx/Lcircle up to ℓmax = 70 (left panel) and as a function of ℓmax for LAx = 1.1Lcircle (right panel),
highlighting differences between on-axis and off-axis observers. Circles denote computed data points,
while solid lines connect these points for visual continuity.
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in the information content related to cosmic topology. Notably, the KL divergence for E4
and E5 is generally larger than for E1–E3, both for on-axis and off-axis observers — this
can be attributed to the higher degree of symmetry violation in E4 and E5. Additionally, in
E2–E5, the KL divergence for off-axis observers exceeds that for on-axis observers, although
both converge to similar values as the topology scale increases.

As in the case of E1, we plot the KL divergence, DKL(p||q), as a function of ℓmax at
LB/Lcircle = 1.1. This is shown in the bottom left panel of figures 2–5. As evident in these
plots, the KL divergence increases with increasing ℓmax.

In figure 6, where we explore the off-axis observers in E2 and E3 that were considered in
ref. [27], we present in the lower panels the KL divergence for these observers in comparison
to the on-axis observers. As before, we set LA = 1.4LLSS and vary LB in the KL divergence
plots for both E2 and E3. These two off-axis observers share the same volume and have
Lcircle ≈ 0.71, consistent with the previously analyzed off-axis observers in figures 2 and 3.
However, as evident from the KL divergences, the results differ between the two cases. This
discrepancy arises because the XY correlations of this off-axis observer in E2 do not violate
parity and the clone pattern remains symmetric around the observer — unlike the case in
figure 2. In contrast, for E3 the parity violation is solely due to chirality, whereas in figure 3
it results from both chirality and an asymmetric clone pattern around the observer.

Finally, in the bottom left panel of figure 7, we display the KL divergence of E6, where
we set LBy = 0.8LLSS and LCz = LLSS while varying LAx/Lcircle for both on-axis and off-axis
observers. For the off-axis observer, Lcircle = 0.5LLSS, whereas for the on-axis observer
Lcircle = 0.6LLSS. Additionally, the bottom right panel of figure 7 shows the KL divergence
as a function of ℓmax (ranging from 40 to 70) with LAx/Lcircle = 1.1.

In figure 8, we compare the KL divergence as a function of ℓmax for the off-axis observers
presented in figures 2–5. We extend the results to ℓmax = 80 for E2, E4, and E5, and to
ℓmax = 90 for E3. Calculations for larger values of ℓmax would strain our current computational
resources. We then apply a linear extrapolation of the logarithm of the KL divergence values
to estimate the KL divergence for all cases up to ℓmax = 110, although the KL divergence
may eventually converge at sufficiently high ℓmax. These off-axis observers share the same
volume, Lcircle ≈ 0.71, making them a suitable case study. As shown in the figure, all these
topologies exhibit an increasing DKL(p∥q) as ℓmax grows with nearly similar growth rates — a
behavior consistent with that observed for both on-axis and off-axis observers. This suggests
that the growth in the KL divergence is a generic feature, largely independent of the specific
topology parameters. In particular, for E2, where DKL(p∥q) < 1 at ℓmax = 80, the trend
indicates that it will likely surpass the DKL(p∥q) = 1 threshold at higher ℓmax. Meanwhile,
for E3–E5, which already have DKL(p∥q) > 1, the KL divergence is expected to increase
further. Consequently, these findings hint towards the possibility that non-trivial topologies
can be promising candidates for detecting tensor perturbations. This work, therefore, provides
a window into further investigation of non-trivial topology and its potential signatures in
the CMB polarization data.
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Figure 8. Comparison of DKL(p||q) as a function of ℓmax (from 40 to 110) for off-axis observers
in E2–E5 with LB = 1.1Lcircle. Circles represent computed data points, while triangles indicate
linearly extrapolated values. Solid lines serve as connectors between computed points, and dashed
lines represent extrapolated trends. Notably, for the E2 topology, the extrapolated KL divergence is
above DKL(p||q) = 1 at ℓmax = 110.

5 Conclusions

Though the local geometry of the Universe appears to be well described by a homogeneous,
isotropic FLRW metric, and specifically by the flat FLRW metric, it does not follow that the
topology of spatial slices of the Universe is the trivial topology of the Euclidean 3-dimensional
space (a.k.a. E18, the covering space of the E3 geometry). In fact, there are 17 other possible
topologies that are compatible with this background metric, named E1–E17. In this paper,
we have focused on the orientable topologies (E1–E6, E11, E12, E

(h)
16 , and E

(i)
16 ) — those on

which there is a well-defined sense of chirality (or helicity, or clockwise and counterclockwise
rotation). In a future work we will consider the non-orientable manifolds, which exhibit a
new phenomenon — helicity mixing for tensor modes.

In a previous work [27], we studied the implications of the orientable Euclidean topologies
for scalar fields, with a focus on the CMB temperature anistropies. We concluded that all
the orientable topologies imprint potentially observable effects on CMB temperature through
their breaking of statistical isotropy. This holds even when the topology scales are somewhat
larger than the diameter of the LSS. In a later work [29], we noted that most of these
topologies also break statistical homogeneity, and therefore, for a typical observer, statistical
parity. We pointed out that both the isotropy violation and the parity violation can induce
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significant CMB TB and EB correlations, forbidden in the usual case of the trivial topology.
In this paper, we have described in detail how to compute the effects of tensor (spin-2) modes
on CMB temperature and polarization for all orientable topologies. We have studied only
the effects of tensor modes in order to fully understand their rich phenomenology.

In this work we have computed and presented for the first time the eigenmodes of
the tensor Laplacian for all the orientable Euclidean topologies. As in the scalar case, an
immediate consequence of non-trivial topology is that only certain Fourier wavevectors k

are allowed — in the compact manifolds E1–E6 these allowed k form a lattice. For all but
E1, E11, and E

(h)
16 , generic eigenmodes are no longer individual Fourier modes but are finite

linear combinations of them. Fields that are built out of these eigenmodes by the typical
superposition, i.e., with amplitudes that are independent Gaussian random variables of zero
mean, are not statistically isotropic. We have therefore presented for the first time analytic
expressions for the correlation matrices CEi;XY

iji′j′,kk′,λλ′ of observables X and Y deriving from
standard covering-space tensor modes, i.e., from massless plane waves of definite polarization,
in each topology Ei. These correlation matrices fully characterize the statistical properties
of the three-dimensional fields of the observables.

In the covering space, all values of the wave vector are allowed and the correlation
matrices CEi;XY

iji′j′,kk′,λλ′ are fully diagonal in both wave vector (i.e., non-zero only for k′ = k)
and plane-wave polarization (i.e., non-zero only for λ′ = λ). In all the orientable topologies,
only certain wave vectors are admissible. This is precisely the usual discretization of Fourier
modes in a periodic box — and indeed for each topology the allowed wave vectors are those
that are periodic on the fundamental domain of the associated E1 (for the compact topologies
E1–E6), associated E11 (for E11–E12), and associated E

(h)
16 for E

(i)
16 . In all the orientable

topologies the correlation matrices remain diagonal in polarization; however, in all except
E1, E11 and E

(h)
16 for almost every diagonal element of the correlation matrix there are a

finite topology-dependent number of off-diagonal terms in wave vector.
These tensor eigenmodes have also been used to compute the effects of topology on the

tensor modes of CMB temperature, and both E-mode and B-mode photon polarization.
Since the statistics of the tensor fluctuations are those of a zero-mean Gaussian field in three
dimensions, T , E, and B are zero-mean Gaussian fields on the sphere of the sky, therefore all
the information in spherical-harmonic coefficients aX

ℓm is contained in the covariance between
those coefficients: CXY

ℓmℓ′m′ , with X, Y ∈ {T, E, B}. Analytic expressions for these covariance
matrices for all the orientable Euclidean topologies have been provided.

In order to demonstrate some of the consequences of topology for CMB observables, some
example low-ℓ covariance matrices have been shown for both on-axis and off-axis observers
(when applicable) for all 6 compact orientable topologies. These allowed us to see clearly
that the violation of statistical isotropy inherent in all non-trivial topologies drastically
alters the correlation matrices of CMB observables. Whereas in the covering space these
matrices were diagonal for pairs of like-parity observables (TT , TE, EE, BB) and zero for
opposite-parity observables (TB, EB), now all elements of the correlation matrix can in
principle be non-zero. We emphasize that these parity-violating elements are non-zero despite
the absence of microphysical parity violation — topology alone causes parity violation except
in very specific cases. Parity conservation in E1 (and E11 and E

(h)
16 ) forces all (ℓ + ℓ′)-odd
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elements of CXY
ℓmℓ′m′ to be zero for XY ∈ {TT, TE, EE, BB} and all (ℓ + ℓ′)-even elements

of CXY
ℓmℓ′m′ to be zero for XY ∈ {TB, EB}, leaving about half of all the matrix elements

non-zero. Similarly residual symmetries can protect some of the matrix elements in E2 and
E6, but only at special locations that are sets of measure zero in the manifolds. Other
accidental symmetries can protect certain matrix elements, but only for parameter values
that are sets of measure zero in the parameter space.

These covariance matrices present distinct patterns and are significantly different from
the ones obtained in a topologically trivial universe, where all TT , EE, BB, TE blocks are
diagonal and the entire TB and EB blocks are zero. They are also different in an important
way from the correlation matrices due to scalar fluctuations which do not lead to B modes,
and thus do not source TB, EB or BB correlations.

While the patterns of the correlation matrix are interesting, what matters is whether
they can be used to detect cosmic topology. When considering tensor modes only, we have
shown that the correlations between the different aX

ℓm (X ∈ {T, E, B}) would be sufficient
to allow us to distinguish between the covering space and any of these non-trivial topologies
if we could measure the tensor modes at high signal to noise. We have demonstrated this by
computing, for each topology, the KL divergences between the T , E, and B joint correlation
matrices of the covering space and that topology as a function of an appropriate length
scale of the topology. When the topologies are smaller than the diameter of the LSS, the
topological information present in the CMB is very large, as expected. More significantly

— since there is an existing CMB constraint that the shortest distance around the Universe
through us must exceed 98.5% of the diameter of the LSS — the KL divergence remains
much larger than 1 for sizes somewhat larger than the diameter of the LSS. Depending
on the topology, the CMB is still distinguishable from the trivial topology (i.e., the KL
divergence between them is larger than 1) up to sizes 1.1 to 1.2 times the diameter of
the LSS.

No substantial growth of topological information with ℓ has been found in the case of
scalar modes, neither in temperature nor polarization, for ℓ ≳ 30 [27, 45]. Unexpectedly,
we have found that, for tensor modes, the KL divergences between topologically non-trivial
manifolds and the covering space continue to increase up to whatever maximum ℓ (≤ 90)
that we have calculated (due to computational limitations). In future studies, where we
will incorporate both scalar and tensor modes, as well as noise, it may prove valuable to
extend these calculations to still higher ℓ. This should be possible by making use of large
memory nodes on appropriate machines, or with careful optimization. The maximum ℓmax
to which we can practically compute remains to be seen.

We foresee at least two important potential applications: first, the CMB polarization may
have more information about topology than previously thought, thanks to the tensor modes
at smaller scales; second, it may be easier to measure the tensor modes (and therefore the
tensor-to-scalar ratio r) in a Universe with a non-trivial topology, thanks to the additional
off-diagonal correlations. In future work, we plan to include the effects of both scalar and
tensor modes in the full CMB TEB signal in order to precisely quantify the interplay among
non-trivial topology, tensor and scalar modes, and noise. We note that our work so far has
focused on the theoretical limits of detectability and we have therefore considered perfect
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CMB observations — full-sky and noise-free. In the near future, we aim to drop these
assumptions and reanalyze the Planck data in search of the best-fit Euclidean topology.
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A Non-trivial topology and Laplacian eigenmodes

The topologically non-trivial manifolds we are considering are obtained as a quotient of the
covering space manifold of a homogeneous geometry (in particular the FLRW geometries E3,
S3, or H3, but in principle also one of the other homogeneous but anisotropic geometries)
by a discrete, freely acting subgroup of the isometry group of the covering space. These
are exactly the smooth manifolds that preserve the local geometry, i.e., the metric, of the
covering space but have a different global topological structure.

The eigenmodes of the Laplacian operator acting in the topologically non-trivial manifold
are then precisely those eigenmodes of the covering space that remain invariant under the
action of the elements of the isometry group defining the non-trivial manifold. This is because
the Laplacian operator involves only partial derivatives and the metric tensor, which are both
local notions. Since locally the manifold with non-trivial topology and the covering space are
identical by construction, a function will be acted upon by the Laplacian in the same way in
both manifolds. Thus the only condition needed to “recycle” a covering-space eigenmode into
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a non-trivial manifold eigenmode is to ensure that it satisfies the boundary conditions, or
equivalently, that it is invariant under the aforementioned isometries.

The discrete nature of the group quotienting the covering space implies that any three-
dimensional (possibly continuous) parametrization of the eigenmode family will be partially or
fully discretized. The discretization will be complete when the manifold under consideration
is fully compact, while in other cases the discretization is only partial, meaning that the
parametrization of the eigenmode basis will necessarily include one or more continuous
parameters alongside any discrete ones. In the fully compact case, the eigenspectrum itself
will be discrete and the multiplicity of each eigenvalue finite.

In the most general case, when an isometry acts on a covering-space eigenmode the
resulting function will be a (possibly infinite or continuous) linear combination of covering-
space eigenmodes of the same eigenvalue. However, sometimes, for carefully chosen linear
combinations of covering space eigenmodes of a given eigenvalue, the action of the isometry
on an eigenmode will yield the eigenmode itself times a phase factor. If that phase factor is
(i.e., can be arranged to be) 1, then that linear combination of covering-space eigenmodes is
an eigenmode of the Laplacian on both the covering space and the topologically non-trivial
manifold. There may be more than one such function of a given eigenvalue, but at least
this gives us a selection criterion for the parametrization of the eigenmode basis on the
topologically non-trivial manifold. Typically, the dimensionality of the eigensubspace of
each eigenvalue will be reduced compared to the covering space. In the non-compact case
this is because it will require fewer continuous parameters to characterize the eigenmodes,
while in the compact case the number of eigenmodes of a given eigenvalue will be finite.
In the case of a compact covering space (e.g., S3), the eigensubpaces are already finite,
but the multiplicity of eigenmodes in each eigensubspace will typically be reduced in the
topologically non-trivial manifold.

Some covering-space eigenmodes will not contribute to any non-trivial-manifold eigen-
mode. A simple, and well-known, example is the solution of the scalar Laplacian on a
periodic cube of side length L in flat (Euclidean) geometry. A simple parametrization of
the eigenmodes is that they are plane waves exp(ik · x), but only for k = 2π(n1, n2, n3)/L

for arbitrary integers ni, whereas in the covering space all values of the three-vector k

would qualify.

B Notational conventions

B.1 Polarization tensors

For the specific case where k̂ = ẑ the helicity tensors are given as

e(ẑ, ±2) = 1√
2

 1 ±i 0
±i −1 0
0 0 0

 . (B.1)

To generalize these tensors to an arbitrary wavevector direction, one can apply a sequence
of rotations

e(k̂, λ) = Rẑ(φ)Rŷ(θ)e(ẑ, λ)RT
ŷ (θ)RT

ẑ (φ), (B.2)
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where θ and φ are defined as

cos(θ) ≡ kz√
k2

x + k2
y + k2

z

, tan(φ) ≡ ky

kx
. (B.3)

The rotation matrices used in the transformation are explicitly

Rŷ(θ) =

 cos(θ) 0 sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

 , Rẑ(φ) =

cos(φ) − sin(φ) 0
sin(φ) cos(φ) 0

0 0 1

 . (B.4)

For a generic rotation operator R acting on the helicity tensors we have

R[e(k̂, λ)] = RT e(k̂, λ) R , (B.5)

where R is the matrix representation of the rotation.

B.2 Spin-weighted spherical harmonics

Spin-weighted spherical harmonics ±2Yℓm are obtained by applying the spin-raising (ð) and
spin-lowering (ð̄) operators

ð = −(sin θ)s
(

∂

∂θ
+ i csc θ

∂

∂φ

)
(sin θ)−s, ð̄ = −(sin θ)−s

(
∂

∂θ
− i csc θ

∂

∂φ

)
(sin θ)s,

(B.6)

on the standard (spin-0) spherical harmonics. Here, s represents the spin of the function to
which the operator is applied. When applied to spin-weighted spherical harmonics, these
operators yield the following identities:

ðsYℓm =

√
ℓ − s

ℓ + s + 1 s+1Yℓm, ð̄sYℓm = −

√
ℓ + s

ℓ − s + 1 s−1Yℓm . (B.7)

Notably, for spin-0 and spin-2 harmonics

2Yℓm =
√

(ℓ − 2)!
(ℓ + 2)! ððYℓm, −2Yℓm =

√
(ℓ − 2)!
(ℓ + 2)! ð̄ð̄Yℓm. (B.8)

For generic spin-weighted harmonics

sY ∗
ℓm = (−1)s+m

−sYℓm. (B.9)

Additionaly, we have that

(−1)m
sYℓ−m(ẑ) =

√
2ℓ + 1

4π
δ(K)

ms . (B.10)

Finally, these harmonics can also be expressed in terms of the reduced Wigner rotation
matrices d as [66]

sYℓm(θ, φ) =

√
2ℓ + 1

4π
dℓ

m−s(θ)e−imφ. (B.11)

In fact, for computational purposes it proves to be more efficient to work directly with
the Wigner D-matrices.
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